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The course pursued in this Elementary Treatise is founded 
on Pestalozzi's system of teaching Geometry. This system 
which has long been practised in Holland, Switzerland, and 
Germany, is no doubt often unconsciously adopted by teachers 
of elementary classes in English schools, although there are 
at present no recognised text-books suggestive of the method. 
Its chief characteristic is to move step by step from the 
simplest notions to the more advanced geometrical truths. 

The lessons are designed for schools where time does not 
admit of the pupils reading the advanced text-books on Pure 
Geometry in ordinary use. Notwithstanding their elementary 
character, they will be found to cover a good deal of ground in 
that subject. It is moreover hoped, and is in fact intended, 
that they should be suggestive to teachers of those amplifica- 
tions which beginners always need in an abstract subject like 
Geometry. 

In a few cases it was not convenient to adhere to a 
strictly logical sequence of the articles. The author is aware 
that, considering the nature of the subject and the mental 
discipline which results from a sound coui^ of it, this is a 
serious defect, yet in the present instance it is more than 
counterbalanced by certain advantages. 

University College School : 
December 1881. 



CONTENTS. 



-•o»- 



PART I. 
INTRODUCTION. 

PA8B 

Solids, surfaces, and lines 1 

CHAPTER I. 
Definitions — Angles — Quadrilaterals — Solids .... 3 

CHAPTER II. 

The Straight Line — Straight Lines joining a given number of 
Points — Relative Positions of Lines — Points of Intersection II 

CHAPTER III. 
Angles — Parallel Lines and Secants 19 

CHAPTER IV. 
Triangles — Equality and Similarity of Triangles . . .34 

CHAPTER V. 

Quadrilaterals : Square, Rhombus, Rectangle, Parallelogram, and 
Trapezoid 41 

CHAPTER VI. 

Areas: Unit of Measure of Length, Unit of Area, Areas of 
Parallelograms 44 



VIU CONTENTS. 



PART IL 

CHAPTER Vn. 

PAGE 

Theorem of Pythagoras — Metrical Properties of Triangles — 
Projection of a Line — Hegular Polygons — Angles of Begular 
Polygons 49 

CHAPTER Vin. 
Rhombus — Pentagon — Hexagon, &c 60 

CHAPTER IX. 
Interior Polygons .65 

CHAPTER X. 

Star-Polygons — Intersection of Figures — Equivalent Figures — 
The Circle— The Circle and Straight Line — Chords — ^Arcs — 
Sectors — Segments — ^Angles in Circles — Tangents — Exter- 
nal and Internal Contact of two Circles — Inscribed and 
Oircumscribed Polygons — Circle inscribed in and described 
about a Triangle — Metrical Properties of inscribed and 
described regular Polygons in terms of Diameter of Circle — 
Theorem of Archimedes — Ratio of Circumference to Dia- 
meter — Area of Circle 68 



LESSONS ON FOBM. 



PAET I. 

INTRODUCTION. 

1. In the fbrst lesson on this subject, the attention of the 
pupils should be drawn to the different ybr77^« of any familiar 
objects in the class-room. The seats and desks may be used 
for this purpose with advantage. When such objects are 
compared with a set of mathematical solids, which the 
teacher ought to have at hand, the difference between regvX(vr 
and irregular bodies will be at once seen. This comparison 
leads to a knowledge of the outward forms of objects. 

2. Every solid has three dimensions, namely, Urvgih^ 
breadth, and thickness. Instead of thickness the term depth 
or height is sometimes used. For instance, we speak of the 
thickness of a beam of timber, the depth of a well, and the 
height of a pyramid. 

3. Where a solid is separated from the surrounding space, 
we have what is called the hownda/ry of the solid. 

The boundary of a solid is termed its 8vrf<ice, When the 
surface of a solid consists of several distinct pa/rts or planes^ 
each such part is called a, face or plane, 

B 
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Surfaces are either plane or curved.* A surface has 
two dimensions only, length and breadth. 

4. The boundary of a surface is called a Ime, The 
boundary of a plane surface is termed a straight line; that 
of a curved surface, a cwrved Ime. Lines can have one dimen- 
sion only, length. Lines terminate in povrUs. Points have 
no dimensions whatever ; but merely position. And it must 
always be remembered that the visible points which we draw 
on the black-board'' merely denote the positions of the mathe- 
matical points just defined. 

* There axe surfaces paxtly plane and paxtly curved, termed 
mixed sv/rfaoes, but teachers will not be called upon to consider such 
at present. 
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6. In the trianguhn' pyrcmiidy or four-faced solid, we 
have a solid with the least number of plane &.oes possible. 
This (producing it), which is a cube, has six faces. The 
faces of the triangular pyramid are bounded by three lines, 
those of the cube by four. 

6. Two straight lines ab, ac (fig. 1), drawn from the same 
point A, form an angle. The straight lines ab, AG are the 



Fig. 1. 



Fig 2. 

D 



^ 




A B 

sides of the angle and the point a is called its vertex. We 
may obtain a very clear notion of the magnitude of an angle 
by supposing one of its sides ac (fig. 2) to at first coincide 
with the other side ab, and then to turn about the point a 
as one of the legs of a pair of compasses may be turned about 
ite joint. As the side a c moves in the direction of the arrow, 
the point a remaining fixed, we see that the angle bag (which 
is at first a very small or a,cute angle) gradually increases in 
magnitude. The straight line A c during its rotation around 
the point A acquires a position a d such that it is said to be 

b2 
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perpendicular to A B. The angle bag, extended to bad, is 
then called a right-angle. By oontinuing this rotation the 
angle bag becomes greater than a right angle, and is then 
what is termed an obttise angle. The straight line A o will, 
during its rotation around the point A, have one position 
such that it will be in the same straight line with a b, it 
will then hare turned through two right angles. 

Kemembering the comparison of an angle to the space 
comprised between the legs of a pair of compasses, since an 
angle becomes larger by opening or closing its sides, it is 
evident that the magnitude of an angle is altogether inde- 
pendent of the length of the sides. 

7. If the points g and b (fig. 3) of the sides of the angle 
be joined, we form a figure in which there are three angles ; 

Fig. 3. 




such a figure is termed a triable. The f&ces of the first 
solid (triangular pyramid, or tetrahedron) to which we re- 
ferred (5) are triangles. 

8. In the six-faced solid or cube we have already 
noticed that each face is bounded by four lines. 

Figures bounded by four Hues are called quadrikUerala. 
With four straight lines the following quadrilaterals can be 
formed : P, A «g'ware; 2°, A rhomibus] 3^ A rectamgle or 
oUong; 4<*, A parallelogram; 5^, A trapezoid; 6**, A 
trapezium. 

A square is a quadrilateral whose sides are all equal, 
and whose angles are right angles. 

A rhombus is a quadrilateral whose sides are all equal 
and whose angles are not necessarily right angles. 
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A rectangle is a quadrilateral whose opposite sides are 
equal and whose angles are right angles. 

Every quadrilateral whose opposite sides are parallel 
(that is to say, would never meet however far they may be 
produced) is a parallelogram. A trapezoid is a quadri- 






lateral which has only two opposite sides parallel. It is 
right-amgled when one of its non-parallel sides is perpen- 
dicular to the other two. It is isosceles when its two non- 
parallel sides are equal. All other quadrilateral figures are 
termed trapeziums. 

9. The four-faced solid or triangular pyramid is bounded 
by four equal and equilateral triangles. Its faces are bounded 
by 4 X 3 lines, or six edges ; 4 x 3 plane angles and four solid 
angles. Half the number of lines which hownd the faces of 
the solid is equal to the total number of its edges. For each 
edge is the intersection of two faces ; in other words, it re- 
quires two coincident lines to form an edge. The number of 
plane angles of the faces of any solid is alwayB equal to the 
total number of lines which bound those faces. A solid 
angle must be formed by at least three faces which meet in 
the same point. When three or more faces meet at the same 
point, the same number of plane angles necessarily meet at 
that point ; hence the number of solid angles or corners in 
any solid can always be obtained by dividing the total number 
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of plane angles by the number of faces whidi form a comer 
of the solid. Thus in the triangular pyramid (tetrahedron) 
there are twelve plane angles, and three faces form a comer ; 
hence it has four solid angles. 

10. The faces of a cube, or hexahedron, are squares; each 
face is bounded by four lines : hence twenty-four lines are re- 
quired to form the different faces of a cube. Now we have 
already stated that two coincident lines form an edge (9); 
therefore there are twelve edges in a cube, four of which are 
vertical and eight horizontal. There are 6 x 4=24 plane 
angles ; and since the meeting of three plane angles at the 
same point forms a comer of the cube, we have 24 -h 3=8 
solid angles or comers. 

11. The eight-fEu^ed solid or octahedron is bounded by 
eight equal and equilateral triangles. It follows from what 
has been already stated (9) that its faces are formed by 
8x3=24 lines. It contains ^=^2 edges, and 8x3=24 
plane angles. If we examine one of its comers, we see that 
four and not three fieuses meet in the same point. Therefore 
its number of solid angles is ^^=6. 

12. The twelve-fisu^d solid, or dodecaJiedron, is bounded 
by twelve equal faces, called pentagons, which are equilateral 
and equiangular. Now, since a pentagon has five sides, it 
follows that 12 X 5=60 lines are required to form the faces 
of the dodecahedron. It consequently has ^^=30 edges, 
12 X 5=60 plane angles, and ^^^=20 solid angles. 

13. The twenty-faced solid, or icoaahedron, is boimded by 
twenty equal and equilateral triangles. Thus its twenty 
fEtces are bounded by 20 x 3=60 lines. It contains 60-f-2=30 
edges, and has ^=12 solid angles: for five fiaces meet at 
the same point, and form a k)lid angle. 

The five regular geometrical solids just described, viz., 
the ietraihedron, heasahedron, octahedron, dodecahedron, and 
icoaakedron, are termed the Platordc bodies, because they 
were first described by Plato (400 b.g.). Besides these five, 
there can be no other solids bounded by like equal and 
regular plane figures, and whose solid angles are all equal. 
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14. The next set of solids of which we shall speak are 
prisms. A prism is a solid bounded by &ces, two of which 
are always equal, similar and parallel, and all the rest are 
parallelograms. We shall call that face on which the prism 
stands its base, which will always be one of the two equal, 
similar, and parallel &Lce& of the prism — ^that is, one of its 
two ends. The face opposite to the base will be termed the 
upper /ace of the prism. In many works on SoKd Geometry 
these two iacea are frequently termed the bases of the solid. 
PriEpns are distinguished by the figures of their bases or ends. 
When the ends are triangles they are called triangular prisms; 
when the ends are squai'e, square prisms; when the ends are 
pentagonal, pentagonal prisms, etc. 

If the side of a prism is perpendicular to its base, it is a 
right prism ; if not, an oblique prism. In a right prism, 
each lateral, or side edge, is equal to the height of the prism. 
The side or lateral faces of a right prism are rectangles. In 
the triangular prism there are (2x3) + (3x4:)=6 + 12=18 
lines, which bound the base and upper face and the side fJEUses 
of the solid. It has, therefore, 18-f-2=9 edges, and 18-^3=6 
solid angles or comers. 

15. In the quadra/nguhi/r prism — ^that is, a prism whose 
base is a square — there are (2 x 4)+ (4 x 4)=8 + 16=24 lines 
or twelve edges, and consequently twenty-four plane angles, 
and therefore ^=8 comers. Such a prism is also termed a 
pa/rallelopiped. 

The number of edges, plane and solid angles of an hexa-» 
gonal and an octagonal prism respectively, may be readily 
found by the pupil. • 

16. It may be remarked that models of all the regular 
solids can easily be made of cardboard. The pupil is advised 
to commence with the tetrahedron, which is bounded by four 
equal equilateral triangles. Two parallel lines shoul4 be 
drawn in pencil on cardboard, and between them four equi- 
lateral triangles described side by side, as in ^. 4. 
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Cut out the parallelogram a b d c, but only cut c e, f e, 
F B half through the cardboard. If the cardboard bo folded 



Fio. 4. 




at D F, F E, and e b, and A d, c b be brought together so as to 
form an edge of the solid, a model of a tetrahedron will be 
obtained. 

17. Pyramida, The side or lateral fiEUses of a pyramid 
meet at the same point, which is termed the vertex of the 
pyramid. The base may be any regular polygon. The side 
faces of a regular pyramid are all equal triangles. 

Pyramids are distinguished by the figures of their bases, 
thus we have a th/ree-fcLced or tricmgular pyramid. It is 
more frequently called a tetrahedron. A. four-farced or quad- 
ra/ngular pyram,id. Such is the pyramid of Cheops. A f/oe- 
faced or pentagonal pyramid. A aixfaced or hexagonal 
pyra/mid. An eightfaced or octagonal pyra/mid. 

18. The three-fiEwsed pyramid requires 3x3 + 3=9 + 3 
= 12 lines to form its four distinct faces. It has 12-h2 

*=6 edges, 12 plane angles, and consequently 12-f-3=4 soHd 
angles. 

19. The four-feced pyramid requires 4x3 + 4=12 + 4 
=16 lines to form its four triangular faces and square base. 
It has 16-f-2=8 edges, and 16 plane angles. Now the solid 
angle, which is the vertex of this pyramid, is formed by the 
four side faces meeting at the same point. But each solid 
angle at the base is formed by three faces meeting at the 
same point Hence from the 1 6 plane angles we must de- 
duct 4, the number which meet at the vertex, and divide 
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the remainder 12 by 3. We thus obtain 5 ks the total 
number of solid angles or comers in the quadrangular 
pyramid. 

20. In order to find the number of solid angles in any 
pyramid, we deduct from its total number of plane angles 
the number of plane angles which meet at the vertex, and 
divide the remainder by three. The quotient increased by 
one (for the solid angle at the vertex) gives the number of 
solid angles in the pyramid 

As an exercise find the number of edges, plane and solid 
angles respectively in an hexagonal and an octagonal 
pynunid. 

Ex, — If the base of a regular pyramid is a qumdecagon 
— that is, has 15 sides — how many solid angles are there in 
the pyramid? 

21. The cylinder is a solid whose two ends are equal and 
parallel circles. Besides these, which are frequently termed 
its two bases, it has but one curved face. We may say it is 
formed by four curved lines, and has therefore two edges. 
It has no solid angles, because we have already seen that it 
requires at least three sides or faces to form a solid angle or 
comer. Cylinders are either right or ohliqve, A right 
cylinder is such that the straight line passing through the 
centres of its two ends or bases is perpendicular to the latter. 
When this is not the case, the cylinder is termed oblique. 
The straight line which is supposed to pass through the 
centre of the ends of the cylinder is called its oasis. In a 
right cylinder the axis is the perpendicular height of the cylin- 
der. But in an oblique cylinder the perpendicular height of 
it is the perpendicular distance between its two parallel bases. 

A right cylinder can be formed, or generated, by the 
revolution of a rectangle around one of its sides which 
remains fixed. 

22. A cone is a solid having a circle for its base, and 
tapering off to a point, which is called its vertex. When the 
aada of the cone, that is, the straight line through its centre^ 
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is perpendicular to its base, it is a right cone ; when such is 
not the case, it is ohUque, A right cone can be formed, or 
generated, by the revolution of a right-angled triangle around 
its perpendicular which remains fibbed. Besides its base the 
cone has one curved face, and also one curved edge. The 
vertex cannot be termed a solid angle : for the latter can 
only be formed by three or more planes meeting in one 
point. 

23. The sphere or ball is a solid bounded by one face, 
every point of which is equidistant from a single point within 
the surface, called the centre of the sphere. A sphere can 
be formed or generated by turning a semi-circumference 
around its diameter. 
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CHAPTER II. 

THE STRAIGHT LINE. 

24. Between two points an infinite number of lines may 
be drawn ; the shortest, however, will be a straight line. 
Two points can be joined by one straight line only. If a 
third point be taken, but not in the same straight line with 
the other two, and these points be joined by straight lines, a 
triangle is obtained. 

Fig. 5. 




Thus, by drawing straight lines from the point A to B and 
G, and joining the points b and c by a third straight line, 
the points a, b, and c are all joined together. 

In taking three, four, or more points, care must be taken 
that no three points are in the same straight line, otherwise 
we cannot distinguish the right number of straight lines 
which can be drawn between the points. In order to be 
certain that each point is joined to every other point, the 
following regular mode of procedure may be adopted. 
Suppose, by way of example, that seven points be taken. 
Let them be denoted by a, b, c, d, e, f, g respectively. 
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Prom A (fig. 6), which we wUl call the first point, draw 
strught lines to each of the other six pointa j thus six linee 




are required to join a to ail thn other points. From b draw 
Btntight lines to the points g,i>, e, f andG. For Bis already 
joined to A by the straight line from a to b ; therefore from 
B only five additionai straight lines are required to be drawn. 
Now let us take the point c, which is already joined to a 
and B, and join it to D, E, F, G ; only four additional Unes are 
required. Proceeding in like manner with d, e, f, q, we see 
that the number of additional lines drawn from each suc- 
ceeding point, taken in order, is one lees than the preceding. 
When we come to o, which is the seventh point, no addi- 
tional line is needed ; for it is already joined to every other 
point. It will be readily seen that the number of straight 
lines proceeding from each point must be the same. 

25. We have already observed that as we proceed from 
pmnt to point in regular order, one Urte keg is drawn each 
time. Hence a rule for finding the greatest number of 
straight Unes which can be drawn between a given n/umber of 
points. In the example given, 7 points were taken ; 6 lines 
were drawn from the point a, 5 from b, 4 from c, 3 from d, 
2 from £, 1 from f, none from G. Thus the total number of 
lines which can be drawn between 7 points is 21. For 
e+5 + i+3 + 2 + l=21. This is an arithmetical series; its 
/irtt term is 6, last term 1, common difference 1, number of 
terms 6, tfaat is one leea than the number of points : the sum 
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of the series is 21. If 9, 10, 12, or n points be taken, 
for the first case we have 8 + 7 + 6 + 5 + 4 + 3 + 2 + 1=36 
lines, and similarly for 10, 12, or n points. The sum of 
such an arithmetical series may easily be found by adding 
the first and last terms together and multiplying their sum 
by half the number of terms. In our first example, the 
number of points taken is 7, hence the first term of the series 
is 6, the last is 1, their sum multiplied by 3, half the number 
of terms,=21. 

How many straight lines are required to join 100 points % 
26. Length and position of lines with respect to each 
other. 

Fig. 7. 



B 



If the straight line a b be placed on c d, so that when the 
point A is on c the point b coincides with d, then the straight 
Hues AB and c d are said to be equal. 

Fig. 8. Fig. 9. Fig. 10. 



K three straight lines be compared, we see that they 
may be all equal (fig. 8) ; two equal only (fig. 9) ; all unequal 

(fig. 10). 

Fig. 11. Fig. 12. Fig. 13. 



If four lines be compared with regard to their length, 
we see that they may be — 
lo. All equal (fig. 11). 
20. Three of the four equal (fig. 12). 
3^ Two and two equal (fig. 13). 



14 LESSONS ON FOBM. 

4^. Two equal and two unequal (^g, 14). 
5®. Four unequal (fig. 15). 

Fig. 14. Fig. 16. 



Of five given straight lines 

lo. AU equal (fig. 16). 

2^ Four of them equal and one unequal (fig. 17). 

3^ Three equal and two equal (fig. 18). 

Fig. 16. Fig. 17. Fig. 18. 



Fig. 19. Fig. 20. Fig. 21. 



Fig. 22. 



4^. Three equal and two unequal (fig. 19). 

5^. Of four, two and two equal and one unequal (i^, 20). 

6^ Two equal and three unequal (fig. 21). 

7®. All unequal (fig. 22). • 

In a similar maimer six and more straight lines maybe 
compared. It is convenient to first suppose all the lines 
equal, then to separate them by taking one, two, three, <fec. 
away; and with the lines thus separated to observe the 
various cases which may occur, being careful to avoid repe- 
tition. 
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27. The relative pofiitioiis of two straight lines in the 
same plane must be — 

P. In the same direction (fig. 23). 

2^. Equidistant or parallel (fig. 24). 

3^. Inclined to one another (fig. 25). 

4P. At right angles or perpendicular to one another (fig. 
26). 

Fig. 23. Fig. 25. Fig. 26. 



Fig. 24. 

Lines are in the same direction when one is on the 
production of the other. 

The statement that two straight lines can have four 
different positions with respect to each other must be 
understood in a restricted sense. For we know that two 
lines may be inclined to each other in an infinite number of 
ways. We say they are inclined when they are neither in 
the same direction, parallel, nor perpendicular to one an- 
other. But we do not indicate their exact inclination to each 
other. 

28. We shall now proceed to consider the relative posi- 
tions of three and more straight lines. 

Fig. 27. Fig. 28. 



\\ Three lines in the same direction (fig. 27). 

2^. Two lines in the same direction, and the third paral- 
lel to them (fig. 28). 

3^. Two lines in the same direction and one perpendicular 
to them (fig. 29). 



16 



lEkSsons on form. 



4^. Two in the same direction, and one inclined or 
oblique to them (fig. 30). 



Fio. 29. 



Fio. 30. 



5®. The three lines parallel (fig. 31). 

6®. Two lines parallel, and the third perpendicular to 
them (fig. 32). 

7^. Two lines parallel, and one inclined or oblique to 
them (fig. 33). 

8^. Two lines perpendicular to one another, and the 
third inclined to them {^g, 34). 

9°. The three lines inclined to one another (Bg. 35). 



Fig. 31. 



Fig. 32. 



Fig. 33. 



Fig. 34. 



Fig. 35. 



Similarly, the relative positions of four, BYe, six, <bc. 
lines may be found. (These cases are to be given as exercises 
to the pupils, whose attention should be drawn to the 
various combinations and the order in which they are taken 
in the foregoing example, which will serve as a guide in 
other cases.) 
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Points of Intersection, 

29. Two straight lines inclined to one another will meet 
if prodticed. If produced beyond the point where they meet, 
the lines are said to intersect or cut one another. The point 
where they cut one another is called their poi'tU of inter- 
section. Two straight lines intersect or cut one another in 
one point only. On both sides of the point of intersection 
the lines are divergent — that is, when produced they recede 
from each other — or, in other words, the distance between 
them becomes greater and greater. 

30. Two straight lines can only intersect in oTie point. 

Three straight lines can intersect in one, two, or three 

points. 

Fig. 36. 





31. Four straight lines can intersect in one, two, three, 

four, Jwe, or six points. 

Fig. 37. 
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32. It is quite evident that the Dumber of points of 
intersection of a given number of straight lines must be 
limited — that is, cannot exceed a certain number. We shall 
now endeavour to show what that limit is in a few cases 
which we have chosen as examples. 

We already know that two straight lines can only inter- 
sect in one point. If we take a third straight line it may 
cut the other two so as to give no new point of intersection, 
one or two, according as it is drawn through the point of 
intersection of the other two straight lines, cuts one of them 
only, or both. 

If we take a fourth straight line and suppose it to cut 
the first three, it cannot form more than three new points of 
intersection. A fifth line cannot cut the last four in more 
than/owr new points. 

Thus two straight lines can intersect in 1 point only. 

Three straight lines in 1 -|- 2= 3 points. 
Four 1 + 2 + 3= 6 „ 

Five 1 + 2 + 3 + 4=10 „ 

Six 1 + 2 + 3 + 4+5=15 „ 

Generally n lines give 1 + 2 + 3 + 4+ &c n—l 

points. The greatest number of intersections of n straight 

lines is given by the expression ^^~ ^ . Or, for the help 

of those who do not understand the interpretation of this 
algebraical expression, we may say — Multiply the given 
number of lines by itself less one, and divide the product 
by 2. 

Find the greatest number of intersections which can be 
formed by 50 straight lines. 

Various exercises may be given on this chapter. For 
instance, the pupils may be required to find the number of 
points of intersection of a given number of parallel and non- 
parallel straight lines. 
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CHAPTER III. 

ANGLES, (i.) 

33. If two straight lines, which are not parallel, be 
produced, they will meet, in which case they form an cmgle. 

Two straight lines form one, two, or four angles. 

Three straight lines may be drawn so as to form several 
angles. We shall now proceed to show by means of figures 
the various cases which can occur. ^ 

P. Three straight lines meeting in one point form 2, 3, 

4, 5, or 6 angles (fig. 38). 

Fig. 38. 







2°. Three straight lines coming together in two points 
will form 2, 3, 4, 5, 6, or 8 angles (fig. 39). 

Fig. 39. 



_JU \ 





We see that 7 angles cannot be formed when the lines 
meet in the manner indicated. 

^ Angles which overlap one another are not reckoned as separate 
angles. 

C2 



20 



LESSONS ON FORM. 



Three straight lines coming together in 3 points form 3, 
4, 5, 6, 7, 8, 9, 10, and 12 angles (fig. 40). 



Fig. 40. 








It is impossible to form 11 angles with three straight 
lines. 

The greatest number of angles is formed when the lines 
are drawn so as to give the greatest number of intersections. 

34. We know that 10 straight lines would give 

S-'Z-l — ^that is, — —=45 points of intersection. At 

each such point there are four angles. Hence the maxiTrmm 
or greatest number of angles which can be foimed by 10 
straight lines is 180. 

JEx, — Find the greatest number of angles which can 
be formed by 20 straight lines. 



Angles, (ii.) 

35. We have already seen that there are three kinds of 
angles — right, acute, and obtuse — ^and that these different 
angles can be formed by two lines meeting in one point. 
When two lines meet so that only two angles are formed, it 
is evident that either both are right angles (fig. 41), or, one 
obtuse and the other acute (fig. 42). Hence we may con- 
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/;lade that when two lines intersect, the four angles thus 
formed are either all right angles (fig. 43), or two obtuse 
,and two acute (fig. 44). 



Fig. 41. 



Fig. 42. 



Fig. 43. 



Fig. 44. 




36. Three straight lines meeting in one point and forming 
the least number of angles, i,e, two^ give the foUowing cases : 
lo. Both angles acute (fig. 45). 
2^ One angle acute and the other obtuse {^, 46). 
3^. One acute and the other a right angle {^. 4:7), 



Fig. 45. 



Fig. 46. 



Fig. 47. 





Suppose two of the three lines meet so as to form one 
straight line, the case is then reduced to (35). 

When three lines meet in one point and form three angles 
we have : 

P. The three angles acute (fig. 48). 
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2^. Two angles acute and one obtnse (fig. 49). 
3^. Two obtose and one acute (fig. 50). 
4:^. Three obtuse angles (fig. 51). 
6^, One right angle and two acute (fig. 52). 
6®. One right angle and two obtuse (fig. 53). 



Fio. 48. 



Fig. 49. 



Fio. 60. 




Fig. 51. 



Fig. 62. 



Fig. 63. 





If three straight lines form four angles at the same point 
we have. but two cases : 

l^'. Two right angles, one obtuse and one acute (fig. 54). 
2^. Two acute angles and two obtuse angles (fig. 55). 



Fig. 64. 



Fig. 65. 





If three straight lines form five angles at the same point 
we have : 

P. One obtuse and four acute angles. 
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2^. Two obtuse and three acute angles. 

3^. One obtuse, one right and three acute angles. 

4^. Three right and two acute angles. 

If three straight lines form six angles at the same point 
we have : 

1^. Two obtuse and four acute angles. 
2^. Two right and four acute angles. 
3*^, Six acute angles. 

Three straight lines coming together in two points and 
forming two angles present the following cases : 
I*'. One obtuse and one acute angle. 
2®. Two acute angles. 
3^ Two obtuse angles. 
4^. One right and one obtuse angle. 
5*^. One right and one acute angle. 
6®. Two right angles. 

Three straight lines meeting in two points and forming 
three angles give : 

1^. One obtuse and two acute angles. 
2^. Two obtuse angles and one acute angla 
3®. One right, one obtuse and one acute. 
4<'. Two right angles and one acute angle. 
5^. Two right angles and one obtuse angle. 

Three straight lines meeting in two points and forming 
four angles give : 

P. Two obtuse and two acute angles. 

2^. Two right angles, one obtuse and one acute angle. 

3®. Four right angles. 

Three straight lines meeting in two points and forming 
five angles give : 

1^. Two obtuse and three acute angles. 

2^. Three obtuse and two acute angles. 

3^. One right angle, two obtuse and two acute angles. 

4^. Four right angles and one obtuse angle. 
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5®. Four right angles and one acute angle. 
6®. Five right angles. 

Three straight lines meeting in two points and forming 
six angles, give : 

1®. Three obtuse and three acute angles. 
2®. Two right, two obtuse and two acute angles. 
3^. Four right, one obtuse and one acute angle. 
4^. Six right angles. 

Three straight lines meeting in two points and forming 
eight angles give : 

1^ Four obtuse and four acute angles. 

2®. Four right, two obtuse and two acute angles. 

3^. Eight right angles. 

Three straight lines meeting in three points and forming 
three angles : 

1®. Three obtuse angles. 

2*^. Two obtuse angles and one acute angle. 

3°. Two acute angles and one right angle. 

Three straight lines meeting in three points and forming 
four angles : 

1*. Two obtuse and two acute angles. 

2^. One obtuse and three acute angles. 

3^^. Two right and two acute angles. 

4^. One right, one obtuse and two acute angles. 

Three straight lines meeting in three points and forming 
five angles : 

1^ Two obtuse and three acute angles. 

2\ Three obtuse and two acute angles. 

3°. One right, two obtuse and two acute angles. 

4®. Two right, two obtuse and two acute angles. 

Three straight lines meeting in three points and forming 
six angles : 

P. Three obtuse and three acute angles. 
2^. Two obtuse and four acute angles. 
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3^. One right angle, two obtuse and three acute angles. 
4®. Two right, two obtuse and two acute angles. 
5®. Four right and two acute angles. 

The pupils are expected to draw figures corresponding to 
the foregoing examples. 

Parallel Lines and a Secant, (iii.) 

37. Three straight lines, two of which are parallel, 
meeting in two points and forming two angles give : 
1®. Two acute angles (fig. 56). 
?®. Two obtuse angles (fig. 57). 



Fig. 56. 



Fig. 57. 



Fig. 58. Fig. 59. 




30. Two right angles {^. 58). 

4<^. One obtuse and one acute angle (fig. 59). 

Three straight lines, two of which are parallel^. meeting 
in two points and forming three angles : 



Fig. 60. 



Fig. 61. 



Fig. 62. 



1^. Three right angles (fig. 60). 



i 
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2<>. Two acute and one obtuse angle (fig. 61). 
3<>. Two obtuse and one acute angle (fig. 62). 

Three straight lines, two of which are parallel, forming 
four angles : 

10. Four right angles (fig. 63). 

2<>. Two obtuse and two acute angles (fig. 64). 



Fig. 63. 



Fio. 64. 



Two parallels and a secant forming five angles give : 
P. Five right angles (fig. 65). 
2^. Two acute and three obtuse angles (fig. 66). 
3^ Three acute and two obtuse angles (fig. 67). 



Fio. 66. 



Fig. 66. 



Fio. 67. 




Two parallels and a secant forming six angles : 
10. Six right angles (fig. 68). 
20. Three acute and three obtuse angles (fig. 69). 
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Two parallels and a secant forming eight angles : 

P. Eight right angles (fig. 70). 

20. Four acute and four obtuse angles (fig. 71). 



Fig. 68. 



Fig. 69. 



Fig. 70. 



Fig. 71. 




Four straight lines, two of which are parallel, meeting in 
two points and forming three angles : 
1®. Two right and one acute angle. 
2^ One right and two acute angles. 
3^. One obtuse and two acute angles* 
4^. One right, one obtuse and one acute. 
5^. Two obtuse and one acute angle. 
6^. Three acute angles. 

Four straight lines, two of which are parallel, meeting in 
two points and forming four angles : 
1^. Three right and one acute angle. 
2°. Two right and two acute angles. 
3^. One obtuse and three acute angles. 
4<>. One right, one obtuse and two acute angles. 



i 
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50. One right and three acute angles. 
6®. Two obtuse and two acute angles. 

Four straight lines, two of which are parallel, meeting in 
two points and forming five angles : 

1°. Two acute and three right angles. 

2®. One right, one acute and three obtuse angles. 

3^, One right, one obtuse and three acute angles. 

4^. One acute and four obtuse angles. 

5®. Two acute and three obtuse angles. 

6^. Two obtuse and three acute angles. 

7®. One obtuse and four acute angles. 

Four straight lines, two of which are parallel, forming 
six angles : 

1®. Five right and one acute angle. 

2^. Four right, one obtuse and one acute angle. 

3°. Three right, one obtuse and two acute angles. 

4®. Three right and three acute angles. 

5®. Two right, two acute, and two obtuse. 

6®. Two right, one obtuse and three acute angles. 

7®. One right, two obtuse and three acute angles. 

8°. Three obtuse and three acute angles. 

Four straight lines, two of which are parallel, forming 
seven angles : 

1®. Five right and two obtuse angles. 

2®. Five right and two aoute angles. 

3^. Three right and four acute angles. 

4®. Two right, four acute and one obtuse angle. 

5®. Two right and five acute angles. 

6°. One right, four acute, and two obtuse angles. 

7®. Three obtuse and four acute angles 

S^, Two obtuse and five acute angles. 

9®. Seven acute angles. 

Four straight lines, two of which are parallel, meeting in 
two points and forming eight angles : 

1^. Six right, one acute and one obtuse angle. 
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2®. Four right and four acute angles. 

3®. Two right, three obtuse and three acute angles. 

4^. Two right, one obtuse and five acute angles. 

5^^. Three obtuse and five acute angles. 

6®. One obtuse and seven acute angles. 

Four straight lines, two of which are parallel, meeting in 
two points and forming nine angles : 

1®. Seven right angles and two acute angles. 

2®. Five right angles, three acute and one obtuse angle. 

3®. Three right angles, four acute and two obtuse angles. 

4®. Two right angles, four acute and three obtuse angles. 

5®. One right angle, five acute and three obtuse angles. 

6^. Six acute and three obtuse angles. 

7®. Five acute and four obtuse angles. 

8^. Eight acute angles and one obtuse angle. 

The case when ten angles are formed under the above 
conditions is left as an exercise. 

The pupils may now be required to draw four straight 
lines, three of which are parallel, so as to meet in three points 
and then to indicate the different kinds of angles thus formed. 
Then take five lines, two of which are parallel, meeting in 
two points, &c, &c. 

Angles, (iv.) 

38. When a straight line meets another straight line so 
that the two adjacent angles thus formed are equal to one 
another, each of these angles is a right angle. When two 
straight lines form a right angle they are said to be perpen- 
dicular to one another. Let us suppose the sides of a right 
angle to be movable, like the legs of a pair of compasses. If 
we close them a little — ^that is, if we bring the sides closer 
together — ^they form an actUe angle. If they be opened 
wider than a right angle they form an ohtvse angle. Thus 
we see that an acute angle is less, and an obtuse angle is 
greater, than a right angle. 



30 



LESSONS ON form; 



39. The magnitude of an angle depends on the inclina- 
tion of the sides to one another, not on their length. 

40. It has just been stated that an acute angle is less 
than a right angle. We can add another angle to an acute 
angle so as to make the two together equal to (me right 
angle. Two such angles are said to be complementary angles ^ 
or one is termed the complement of the other. 

If two or more angles have the same complement they 
are equal. 



Fio. 72. 



Fig. 73. 





At the vertex b of the angle dbc draw ba perpendicular 
to EC. The angle abd is the complement of dbc. For it is 
the defect of dbc from a right angle. If instead of drawing 
the perpendicular to bc it be drawn to bd as in fig. 73, the 
angle abc is the complement of dbc, and therefore must be 
equal to abd in fig. 72. 

41. An obtuse angle is greater than one right angle but 
less than two. We open the legs of a pair of compasses or 
the sides of an angle wider than a right angle, and by this 
means form an obtuse angle. The defect of any angle from 
two right angles is termed its supplement. Thus two angles 
whose sum is equal to two right angles are called supple- 
mentary a/ngles. The supplement of any angle is formed by 
producing either of its two sides beyond the vertex. 

42. We shall now prove that the angles formed by one 
straight line with another and its continuation are together 
equal to two right angles. 

First proof. — We know that two straight lines can only 
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cut one another in one point, and cannot form more than 
four angles. The two straight lines may intersect at right 
angles, which will be the case if, in fig. 74, we suppose the 
line CD to be turned around the point o until it is perpen- 
dicular to AB, as in fig. 75. The four angles at the point o. 



Fig. 74. 



Fig. 76. 




cy 



B 



^, 74, are together equal to the four right angles at the 
point o', fig. 75. If we now cut both figures along ab or 
CD and take away half of each, or two right angles, then 
since the halves of equals are equal, it is evident that the 
remaining two angles of fig. 74 are together equal to the 
remaining two right angles of ^. 75. 

43. Second proof. — It has been already stated (40) that 
an angle and its complement are equal to one right angle. 




Draw an acute angle arc, and form its supplement abd 
by producing cb beyond the vertex. At the point b erect a 
perpendicular, be to bc. abe is the complement of abc. 
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Hence ABG+ABEs=one right angle 

ABD— ABE=one right angle 



ABC + ABD^two right angles 

44. When two straight lines (ab, cd, fig. 77) cut one 
another they form four angles at the point of intersection £, 



Fig. 77. 




of which the opposite angles are equal. For aeg is equal to 
BED because they have the same supplement bec, and the 
angle aed is equal to the angle beg because they have the 
same supplement bed. The equal angles are on opposite 
sides of the straight line ab or CD, for CB, or part of the 
straight line gd, must make the same inclination with ab 
that the remaining part de does, and therefore the angles 
CEA and bed are equal. 

45. In fig. 78 we have two parallel lines ab, cd, cut by a 
third line ef, which is called a aeccmt. These three straight 
lines form eight angles, four of which are at each point of 
intersection. The angles which are between the parallels 
are called mterior angles, the other angles are termed ex- 
terior angles. 

46. But besides being called interior and exterior angles, 
they are also distinguished in the following manner : 

> Alternate interior angles. 
BGH and CHQ J 

> Alternate exterior angles. 
EQB and CHF j 

egb and ghd 1 Corresponding angles on the same side of the 
FHD and HGB J secant. 

EGA and GHC 1 Corresponding angles on the same side of the 
agh and chf J secant. 
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47. Because ab is parallel to gd, the secant ef is equally 
inclined to both (44), hence the correspovdvng angles are 
equal. For the same reason, the aUemate interior angles 
are equal, and likewise the cdtemate exterior angles. For 
the angle egb is equal to its opposite angle agh, and eob 
and GHD are equal, being corresponding angles; therefore 
the alternate interior angles agh and ghd are equal. The 
angles agh; and chq are supplementary ; for agh and age 
are supplementary, but age and chg are equal ; therefore 
AGH and CHG are supplementary. 

48. Again, age and bgh are equal, as opposite angles at 
the point g of the two intersecting straight lines ab, ef ; but 
BGH is equal to dhf, as corresponding angles, therefore the 
alternate exterior angles age and fhd are equal. 
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CHAPTER lY. 

TRIANGLES. 



49. Three straight lines meeting in such a manner that 
the extremities of each are joined to an extremity of each of 
the other two form a figure which is termed a tricmgle. If 
three straight lines intersect in three distinct points they 
inclose a space which is called a triangle. 



Fig. 79. 




The straight lines ab, bc, ca (fig. 79) are the sides of the 
triangle. Each angle formed by two sides is an cmgle of the 
triangle, ab is called the base, the points a, b, o, are the 
vertices. The angles formed by the base and sides respec- 
tively are termed the cmgUs at the base, and the third angle 
is called the vertical amgle, 

50. A triangle cannot have more than one right angle, 
for if we attempt to form a second right angle, two sides, 
instead of meeting, become parallel, and consequently would 
never meet. 

A triangle in which we have a right angle is termed a 
right-angled triangle (fig. 80). 
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A triangle which has all its angles acute is called an 
acute-angled triangle (fig. 81). 

A triangle which has an obtuse angle is called an obtuse- 
angled triangle {^. 82). 



Fig. 80. 



Fig. 82. 





51. The three angles of a triangle are always equal to 
iwo right angles. 

To prove this statement we will produce the side ab to 
D, and draw be parallel to ac. We know that the angles 




at the point b on the same side of ad are together equal to 
two right angles, therefore the angles abc+cbb+ebd=2 
right angles. The angles ebd and cab are equal, being 
correspondii^ angles. And the alternate-interior angles 
acb and cbe are also equal; therefore the three angles 
€AB, acb, and abc are equal to the three angles ebd, 
EBC, and ABC. But ebd, ebc, and cba are together equal 
to two right angles ; therefore the three angles of the triangle 
ABC are equal to two right angles. 

52. A right angle being equal to 90®, the three angles of 

d2 
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any triangle, being together equal to two right angles, are 
equal to 180«. 

In a right-angled triangle, if the magnitude of one of the 
acute angles be known, the other acute angle can be found 
by subtracting the one known from 90®, For the angles of 
any triangle are together equal. to two right angles ; but one 
of the angles is a right angle, therefore the other two are 
together equal to a right angle, that is, to 90®. In <zcute- 
or ohtuse-cmgled triangles we must know the magnitude of 
two of its angles in order to find the third. 

53. Three straight lines may be equal, unequal, or two 
only of the three may be equal to one another and the third 
unequal. Consequently a triangle may have threey two, or 
none of its sides equal to one another. 

Fig. 84. Fig. 85. Fig. 86. 






54. Triangles are distinguished according to the relation 
of their sides as well as of their angles (50). A triangle is 
equilateral when its three sides are equal in length (fig. 84). 
It is termed an isosceles triangle when two of its sides only are 
equal (fig. 85). When its three sides are unequal it is termed 
a scalene triangle (fig. 86). This latter term, however, is but 
rarely used. 

55. If a perpendicular cd be drawn from the vertex 
c of the isosceles triangle abc on the base ab (fig. 87), the 
triangle will be cut into two equal right-angled triangles, 
ACD, BCD. Because the angle bcd will be equal to the 
angle acd (52). Hence, if the triangle bcd is placed on the 
triangle acd, so that the point b coincide with the point 
A and the straight line bc with AC, then the triangles 
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will coincide with one another, therefore the side bd will be 
equal to ad. 

We thus see thatthe perpendicular from the vertex of 
an isosceles triangle P divides the triangle into two equal 
parts ; 2^ bisects the base ab ; 3^ bisects the vertical angle 

ACB. 

Fig. 87. 
c 



56. In an isosceles triangle, if the magnitude of one of its 
angles be known the magnitudes of the others are readily 
foimd. For example, let the angle cab (fig. 87) be 36**, the 
angle abc is also 36°. Now we have already shown that the 
three angles are together equal to two right angles, or 180** ; 
that is 

CAB + CBA 4- ACB= 1 80** 

cab+cba — 720 

ACB =108® 



When the vertical angle of an isosceles triangle is a right 
angle, the three angles are at once known ; for each of the 
equal base angles is half a right angle, i,e, 45**. 

The magnitude of an angle of an equilateral triangle 
is one- third of two right angles ; that is to say, one-third of 
180**=60**. 

EquaMty and Similarity of Tria/ngles, 

57. In art. 55 we saw that the perpendicular cd bisects 
the base ab of the isosceles triangle abc (fig. 87) ; therefore 
AD is equal to db^ and ac is equal to cb, because the triangle 
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is isosceles. By cutting the triangle along CD, and placing 
one part upon the other so that the point b falls on a and 
the straight line ad on db, the two triangles adg, bdc, will 
coincide with one another in every respect, because the 
sides and angles of the one are equal respectively to the 
sides and angles of the other. Triangles which coincide 
with one another are said to be eqv^. In equal triangles 
both the sides and angles are equal. When the three angles 
of one triangle are equal respectively to the three angles of 
another, but the sides of the one are not equal to the corre- 
sponding sides of the other, the two triangles are said to be 
similar, 

58. Let us consider the case in which the sides of one 
triangle are a certain number of times (n), greater than the 
corresponding sides of the other. Take, for example, fig. 

Fm. 88. 




88, in which each side of a'b'c' is twice the length of each 
corresponding side of abc. By placing the triangle abc on 
a'b'c' so that A is on a', and the straight line ab on a'b', 
also the straight line AC on a'c', the side bc will be parallel 
to b'c'. The triangles a'bc, b'b c are equal (73), and the 
triangles a'bc, c'bc are equal (73), therefore the triangles 
b'bc, c'bc are equal, therefore (73) bc is parallel to b'c'. A 
similar mode of proof holds so long as a'b' &c. contain ab kc. 
an integral number of times exactly. We shall aaaume (the 
proof is beyond the scope of the present work) that the 
same property holds universally, i.e., for all values of n. 
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59. Any straight line drawn parallel to la side of a 
triangle cuts off a similar triangle; thus, in i^. 89, the 
straight line de is drawn parallel to BC, therefore the triangle 
ADE is similar to the triangle abc. For de and bc are 




parallel, and the straight line ab meets them, therefore 
the corresponding angles ade, abo are equal, and likewise 
the corresponding angles aed, acb. The angle bag is com- 
mon to the two triangles abc, ade, therefore the three 
angles of the one are respectively equal to the three angles 
of the other, and consequently the two triangles are 
similar. 

60. The following are important consequences of (58) : 
1°. The sides of similar triangles are propoi-tional. 2<*. A 
straight line parallel to any side of a triangle cuts the other 
two sides proportionally. Thus in fig. 89 : 

AB : AD = AG : AE s= BO : DE 
/.AB— AD : AC — AE = AB I AC = AD : AB 
/.BD : EC = AB : AC = AD : AE ; 

and BD : ab— ad=ec : ac— ec, 

i,e, BD : AD=:EC : AE and conversely. 

61. All equilateral triangles are similar. 

By dividing the sides of an equilateral triangle into a 
number of equal parts the triangle can be divided into a num- 
ber of equal equilateral triangles similar to the given triangle. 
The number of triangles into which any equilateral triangle 
is thus divided is always equal to the square of the number 
of equal parts into which each side is divided. Thus in fig. 
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90 each side is bisected, that is, divided into two equal parts ; 
therefore the triangle is divided into four equal equilateral 
triangles. In fig. 91 each side is trisected, that is, divided into 
three equal parts ; therefore the triangle is divided into nine 
equal equilateral tiiangles. In fig. 92 the number of equal 



Fig. 90. 



Fig. 91. 



Fig. 92. 






equilateral triangles into which the large equilateral triangle 
is divided is 16, because each of its sides is divided into four 
equal parts. It may be inferred from this, that one large 
equilateral triangle can always be constructed from a perfect 
square number of equal equilateral triangles. 
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QUADRILATERALS. 



62. The different figures bounded by four straight lines 
have been already spoken of. We know how to draw a 
square, rhombus, rectangle, parallelogram and trapezoid. 



Fig. 93. 



Fig. 94. 




In these figures there are parallel sides. In a square 
there are two pairs of parallel sides (%. 93), so also in the 
rhombus {^. 94), rectangle {^, 95), and parallelogram (fig. 
96). In fact these figures are paraUdogrrnnSy for their 
opposite sides are parallel. 



Fig. 95. 



Fig. 96. 




63. A trapezoid has only two parallel sides (fig. 97). 
When one of the two non-parallel sides is at right 
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angles to the parallel sides, it is termed a right-angled 
trapezoid {^g. 98). 

"When the two non-parallel sides are equal to one another 
it is called an isosceles trapezoid (fig. 99). 

All other quadrilateral figures are called trapeziums. 

Fig. 97. Fig. 98. Fig. 99. 



64. Every parallelogram can be divided into two eqiial 
triangles by the straight line which joins two opposite angles. 
The straight line bc which joins two opposite angles is termed 
a diagonal (fig. 100). We shall proceed to prove that the 
two triangles into which a diagonal of a parallelogram 
divides it are equal to one another. 

Fig. 100. 




65. Because the straight lines ab, gd are parallel, and 
the secant ad meets them, the alternate interior angles cda, 
DAB are equal. And because ac and bd are parallel, and 
the same secant ad meets them, the alternate interior angles 
CAD and adb are equal. We see then that 



CDA = 

adb 



> ; adding these equals together 



CDB = CAB 



Again, because CD and ab are parallel, and the secant cb 
meets them, the alternate interior angles dcb, cba are equal. 
And because ac and bd are parallel, and the same secant cb 
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meets them, the alternate interior angles acb, gbd are equal. 
So that we see 



— fJB A. 1 

= cbd/ ^ ^^^S ^^^^ ^^« ^^^^' 



DOB = 

ACB • ' ^®^ 



ACD = ABD 

We have now proved that the three angles of one triangle 
are respectively equal to the three angles of the other, viz. 
ABC to BCD, ACB to DBC, and CAB to CDB, and we know that 
the sides ab, ac are equal respectively to CD, db, and the 
diagonal cb bommon; therefore the two triangles, having 
their sides and angles respectively equal, are equal. 

66. In every parallelogram : 

1®. A diagonal divides it into two equal triangles. 

2^. The opposite sides and angles are equal. 

3^. The diagonals bisect one another. 

4P. The greater diagonal is opposite, or subtends, the 
greater angle. 

5^. If one angle is a right angle all the other angles are 
right angles, and the two diagonals are equal. 

The last three cases, viz. 3**, 4°, and 5° have not been 
proved. They may be given as exercises to the pupil. 
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CHAPTER VI. 

ABEAS. 

67. In order to ascertain the length or linewr distance 
between two points, the yard has been adopted as a unit of 
lineal measure. The yard is divided into three feet, and the 
foot is subdivided into twelve inches. The multiples of the 
yard are the pole or perch, the furlong and the mile. A 
pole contains a yard 5^ times, a furlong 220, and a mile 
1760 times. 

68. The square yard is a v/nit of meoMtre for areas 
For land-measure the multiples of the yard are the pole, 
the rood and the acre. Yery large surfaces, such as whole 
countries, are expressed in square miles, 

69. We may remark that lineal measurements are 
actually taken ; but square measurements are found by aid 
of arithmetic. Thus, we can find the area of a square field 
by simply taking the length of one of its sides in yards and 
squaring the number which denotes that length. We could 
find its area by actually dividii^ it into square plots each 
one yard square, and then counting them. But the latter 
process would occupy much time, be very tedious and liable 
to error. 

70. Let it be required to find the area of the floor of a 
rectangular room, the length of which is 8 yards, and breadth 
4 yards. In other words, we are required to find how many 
times the square yard is contained in the floor. 

Let ^. 101 represent a square yard, that is, the uni^ by 
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which we measure areas ; fig. 102 the floor, 6 yards long and 
3 yards wide. 

We first ascertain how many times the line ab is con- 
tained in a'b', and find it to be 6 times. We then see how 
many times ad is contained in a'd', and find it to be 3 times. 
Draw the straight line ef parallel to a'b', and at a distance 
of owe yard from the latter. 



FiQ. 101. 



Fig. 102. 



D' 



c 




M— ^Ma— ^MM mmm^^^^^^ m^^^^^^^ ^^^imm^^mm p^h^mm^^v- 



A' 



B' 



The rectangle a'b'pe evidently contains the square abcd 
six times, that is, six times one square yard. In the whole 
surface we have three such rectangles as a'b'pb, and con- 
sequently 3 times 6 square yards, or 18 square yards is 
the area of the floor. In dividing the floor as shown in 
fig. 102, we have virtually multipKed the number of yards 
contained in its length by the number of yards contained in 
its breadth. Hence the rule for finding the area of a rect- 
angle : Multiply the length by the breadth, 

71. To find the area of a parallelogram abdc {^g, 103). 

Produce ab and draw the perpendiculars CG, de. The 



Fig. 103. 





angles dbb, cag, are equal as corresponding angles, cga and 
DEB are equal being right angles ; therefore acg and bde are 
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also equal. The sides about these equal angles are also 
equal, therefore the two triangles ago and bde are equal. 
The parallelogram cdeg is rectangular, and it is composed 
of the right-angled trapezoid ggdb and the right-angled 
triangle bed. The parallelogram abdg also consists of two 
figures, the trapezoid ggdb, and the right-angled triangle agg. 
Thus 

Bectangle cdeg = trapezoid ggdb + triangle bed 
Parallelogram abdg = trapezoid qgdb+ triangle agg 

Rect. GDEG— parallelogram = triangle bed— triangle agg. 

But we have proved that the two triangles bed, agg 
are equal; therefore we see that rectangle— parallelogram 
s=£ ; which shows that the rectangle and parallelogram are 
also equal. 

72. We already know that by multiplying the length 
GD by the breadth CG we should find the area of the rectangle 
CDEG. The length cd of the rectangle is also the length of 
the parallelogram, and the breadth cg of the rectangle is the 
altitude or height of the parallelogram. Hence the area of 
the parallelogram is found by multiplying its length and, 
height together. This rule holds good for all parallelograms, 
that is, for every quadrilateral whose opposite sides are 
parallel. "What we call the breadth in the rectangle is the 
altitude in the rhombus and parallelogram. In each case 
it is the perpendicular distance of the base from the side 
opposite. 

Since the square has all its sides equal, its area is obtained 
by squaHng one of its sides, that is, multiplying the side by 
itself. 

73. We have proved that the diagonal bisects a paral- 
lelogram, that is, divides it into two equal and similar 
triangles. 

The area of the parallelogram abdg= ab x ce ; the triangle 
ABC being half the parallelogram abdg, its area is equ&l to 
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ABXCE 



AB 



or ^ (ab X ce) or — - X ce. Hence the rule for finding 
the area of a triangle : Multiply half the base by the per- 



Fig. 104. 





pendicula/r height^ or the hose by half the perpendicular 
height. 

Hence it follows that triangles and parallelograms oil the 
same base, or on equal bases, and between the same parallels, 
are equal and conversely. 

74. To find the area of a trapezoid abdc. 

By drawing the line ce parallel to db we divide the 
trapezoid into a parallelogram i^bdc, and a triangle aec. 

Fig. 106. 




The area of the parallelogram cdbe=ebxdp (71). 
Area of triangle ace=^aexdp. If these results be added 
together we obtain : 

Area cdbe = eb x dp. 
Area ace = ^ ae x dp. 

Trapezoid abdc = {\ ae+eb) x dp = 
^ DP (ae+2 eb) = ^ dp (ab+eb) = 
\ DP (ab + cd) 

Hence the following rule : To find the area of a trapezoid, 
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multiply the mm of the parallel sides by half the perpen- 
dicula/r distance between them, 

76. It is not necessary to know the two parallel sides of 
a trapezoid in order to find the area, as will appear from the 
following figure. 

Fig. 106. 




M 




N 



B 



From the vertex d of the trapezoid abdc draw the per- 
pendicular DE. Bisect DE in p, and through the point F draw 
6H parallel to ab, and meeting the side AC and db in o and 
H. Produce cd both ways to K and l, and through the points 
G and H draw km and ln perpendiculars to ab, that is, 
parallel to de. It is easy to prove that the triangles hbn 
and HDL are equal, and likewise gam and gce ; therefore the 
trapezoid abdc is equal to the rectangle mnlk=mn x nl. But 
MN = GH, and LN^DE. The line gh is termed the mean breadth 
of the trapezoid, and de its altitude. Hence the following 
rule : To find the area of a trapezoid, multiply its mean 
breadth by its perpendicular height or altitude. 
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CHAPTER VII. 



THEOREM OP PYTHAGORAS. 



76. From the vertex a of the right-angled triangle a bc, 
draw A D perpendicular to the hypothenuse B c. The triangle 



Fig. 107. 




ABC will be divided into two right-angled triangles a d b, 
ADC, which are similar to the right-angled triangle A b c. 
In the two triangles A b c, A D B, the angles cab, a d b are 
equal, being right angles, and the angle b common to both, 
therefore the third angle c must be equal to d A b. Again in 
the two triangles, abc, adc, the angles bac, adc are 
equal, being right angles ; the angle c is common to both 
triangles, therefore the third angle B must be equal to d a c. 
We see then that the angles of each of the triangles into which 
A B o is divided are equal respectively to the angles of a b c, 
hence each of the triangles a d b, a d c is similar to a b c. 

B 
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The sides about the equal angles of simiUr triangles are pro- 
portional. Thus : — 

DB : AB=AB : BC (1) 

CD : Ac=Ac : BC (2) 

These equalities may be written thus : 

db:ab::ab:bc (3) 

CD : AC : : AC : BC (4) 

The latter two expressions (3) and (4) are termed pro- 
portions. The first and fourth terms are called extremes^ 
and the second and third terms, means. The product of 
the extremes is always equal to the product of the m^ans. 
Hence (3) and (4) may be written 

(ab)2=db.bc (5) 

*(ac)2=cd.bc (6) 

If we add these two expressions together we have : 

(ab)2 + (ac)2=bc (db-I-cd) (7) 

or (ab)2+(ac)>=bc.bc (8) 

.•.(ab)2 + (ac)«=(bc)2 (9) 

From this expression we conclude that the square on 
the hypothenuse of a right-angled triangle is equal to the 
sum of the squares on the two sides which include the right 
angle. 

This important proposition was discovered by Pythagoras. 
It is said that he first constructed a triangle, whose sides were 
in the ratio of 3, 4 and 5 : 

32 + 42=5» 
(2x3)«-|-(2x4)«=(2x5)2 
(3x3)2+(3x4)a=(3x5)« 
(4x3)2+(4x4)2=(4x5)«,&c. 

Referring to equation (9) we may say that the square on 
the base of a right-angled triangle added to the square on 
the perpendicular is equal to the square on the hypothenuse. 



THEOREM OF PYTHAGORAS. 51 

Let us denote the hypothenuae, hose and perpendicular of 
a right-angled triangle by h, h, and p respectively. 
Hence equation (9) may be written 

If any two of the three sides A, 6, and p be given, the 
third can always be foimd from this equation. If h and p 
are known, then h is found from the following expression : 

h=N/(b2+p2) 

That is to say, h is equal to the square root of the sum of 
the squares of h and p. If h and p are given, then 

b=N/(h2_p2) 

If h and h are given, then 

p=>/(Ea3b2) 

77. The use of this theorem is not confined to right- 
angled triangles. By means of it we can express a side of 
any triangle in terms of the two sides which are known. 



1®. Let it be required to express b c in terms of a c and 
A B (fig. 108). From the vertex c draw the perpendicular 
G D on the base a b. 

B D=:A B — A D .'. B d2=(a B— A d)* 

cd2=ac2— AD^ and bc2=cd2-|-bd^ (1) 

Hence, if we substitute for c d^ and bd^ in (1) their equi- 
valents, we obtain 

B 2 
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rBC«=AC»-AD24-(AB-AD)» 

=AC*— AD* + AB* — 2 AB.AD + AD* 
=Ac2 + A*b2 — 2 AB.AD. 

In order to find an expression for a c, 

AD=AB— BD.".AD*=(AB— DB)* 

CD^=Bc*— BD^, and ac^=cd^+ad* 



(2) 



Substituting these values for c d^ and a d' in equation (2) 
we have 

AC^=BC2 — BD^ + AB^- 2aB.BD + BD^ 
=BC*4-AB* — 2 AB'[bD. 

78. In an obtuse-angled triangle a b c, the perpendicular 

Fig. 109. 







from is drawn on the production of b a. In this case 

bd=ab4-ad.'.bd*=(ab-|-ad)2 

c ©2= A c^— AD^ and c b2=cd»+b d^ (3) 

Hence equation (3) may be written 

C b2=AC* — A D^-l- A B^ + 2 A B . A D + A D^ 

=ac*4-ab^ + 2ab.ad. 

The expression for A c may be found by the pupil. 

79. We shall now define what is meant by the projec- 
tion of a line, and express Arts. 77, 78 in two general 
rules. 

The projection of a point on a straight line is the foot of 
the perpendicular from the point on the line or the line 
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produced, e and o ore the projections of 'a and b, and the 
straight line E G is the projection of the straight line a b 
(fig. 110). 



Fra. 110. 



Fig. 111. 




G D c E 




In fig. Ill the straight line a b meets c d, therefore the 
point A and its projection are coincident points — that is to 
say, they fall together; eg is still the projection of ab. 
When the line to be projected is parallel to the line on 
whidi it is to be projected, then the line and its projection 
are equal; when they are perpendicular to one another, the 
projection is a point. When they are inclined to one 
another, as in figs. 110, 111, the projection is less than the 
line projected. The greater the inclination the less the 
projection. 

Rule 1. — In acute-angled triangles the square on the 
side opposite an acute angle is equal to the sum of the 
squares on the sides which contain it diminished by twice 
the product of either of these sides and the projection of the 
other upon it. 

Rule 2. In obtuse-angled triangles, the square on the 
side opposite the obtuse angle is equal to the sum of the 
squares on the sides which contain it increased by twice the 
product of either of these sides and the projection of the 
other upon it. 

80. We shall now give another demonstration of the 
theorem of Pythagoras. 

On each of the sides of the right-angled triangle bag 
construct squares bedc, ahkc, and abgf respectively. 



54 



LESSONS ON FORM. 



Then c A F will be a straight line (43). From A draw A p 
perpendicular to b c and produce it to meet d b in l. 



Fig. 112r 




Draw the straight lines B k, a e, and c o. Then 



BA=BG 

BC— BE 

ABE=CBG 



•*. A A B £ is equal and similar to i^ c B G 

but the triangle A b e is equal to half the rectangle b E l p 
and the triangle c B G is equal to half the square a b g F, 
therefore the rectangle b e l p and the squai*e A b g f ai*e 
equal. Again 

AC=CK 
CD=CB 
ACD =KCB 

.'. A A c D is = and similar to k c b. 

But the triangle acd is equal to half the rectangle 
C D L p, and the triangle b c k is equal to half the square 
A H K G, therefore the rectangle c d l p and the square A c K h 
are equal. Hence we see that the square on a b and the 
square on A c are together equal to the square on b c. 
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Since the rectangle c D l p is equal to the square A c k h, 
it follows that 

CD.CP=AC^ 

that is, B c . c p=A c^ (1) 

And because the rectangle b e l p is equal to the square 

ABGP 



B E . P B=A B^ 
B C . P B=A B^ 



(2) 



If we add (1) and (2) together, we obtain 



or 
that is 



BC (cp+pb)=ac2 + ab^ 
BC. bc=ac2+ab2 



81. Another way of demonstrating the truth of this 
theorem is to describe a square c b e h on the hypothenuse 




B c of a right-angled triangle a b c. Produce the sides a b 
and A c. Through the points e and h draw parallels to the 
productions of a c and A b respectively, and thus complete 
the square a d f k. Now the triangles b d E and A c b are 
equal and similar ; for the angles B d e and cab are equal, 
being right angles. The angle e b d is the complement of 
BED, and also of c b A, therefore the angles bed and c b a 
are equal. And because a c b, e b d are the Complements of 
equal angles, they are also equal. Further, the hypothenuse 
B c of the triangle a B c is equal to the hypothenuse b e of 
the triangle dbe, for they are sides of the same square; 
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therefore the two triangles are equal. In a similar manner 
we can prove that the triangles k h o, f e h are each equal 
to ABO, and therefore the four right-angled triangles are 
equal and similar to one another. 

Now, because bd=ac, and ab=ck, bd+ab=:ac+ck 
.•.AD=AK, and therefore ad2=ak^ or (ab+bd)^=ak^ 
=:square adfk. 

ab24-2 ab.bd+bd2=cbeh4-4 acb 

But 2aB.BD = 4 ACB 

2 I T,T\2 — T,r.a 



AB^ +BD^=BC 



82. N.B. The angle e b d was said to be the complement 
of A B c. To show this, let E b c be a right angle. The angle 




A b f=e b d, being vertically opposite angles, and a b f is the 
complement of a b c ; hence e b d is also the complement of 

ABC. 

83. The truth of this theorem may be practically demon- 
strated in the following manner. Draw two lines B A, c a, 
meeting each other in the point A at right angles (fig. 115). 

Take any two nwmhers, the sum of whose squares is a 
perfect square, and mark off on A B, A c as many equal parts 
as these numbers indicate respectively. For example, 
divide a b into six equal parts and a c into eight equal parts, 
draw B c and divide it into ten equal parts. Complete the 
squares a b d e, a c f o, b c g h, as shown in the figure. The 
number of squares on the hypothenuse bc will be found 



equal to the sum of those on the rides A b and a o of the 
right angle. 

6«+8»=10» 

This may be called a particular ezumple of » theorem vhich 
ia generally trae. 

Fig. lis. 




Diagonal. 

84. Any straight line which joins two non-consecutive 
adjacent vertices of a polygon ia termed a diagonal. In a 
quadrilateral only one diagonal can be drawn from the same 
vertex (fig. 116). 

Fig. 116. Fig. 117. 




In a five-sided figure, or pentagon, two diagonals can be 
drawn from the same vertex. 

In a eix-aided figure, or hexagon, tkree. 
In a eeven-Ended figure, or heptagon,/owr. 
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85. Thus we find that the number of diagonals which 
can be drawn from the same vertex of a polygon is always 
equal to the number of sides of the polygon diminished by 
three. In the quadrilateral one diagonal divides the figure 
into two triangles; in the five-sided figure two diagonals 
divide the figure into three triangles ; in a hexagon, three 
diagonals divide it into four triangles ; and in the seven- 
sided figure, four diagonals divide it into Jvoe tiiangles. It 
appears, then, that the number of triangles into which a 
polygon can be divided, by drawing all the diagonals possible 
from the same vertex, is always equal to the number of 
diagonals increased by one. 

86. Again, we find that the four-aided figure, or quadri- 
lateral, is divided into two triangles; the five-sided figure, or 
pentagon, into three ; the six-sided, or hexagon, into four ; 
the seven-sided, or heptagon, into five, and so forth. From 
this we see that the number of triangles thus formed is 
invariably equal to the number of sides of the polygon less 
two. If a polygon have n sides, n^3 diagonals can be 
drawn from the same vertex, and from what has just been 
stated, w— 3+.1 orw— 2 triangles will be formed. 

87. As we know the number of triangles into which any 
polygon can be divided in the way just indicated, it is easy 
to find the number of right angles to which all the angles 
of a polygon are equal; and consequently the number of 
degrees in all the angles of that polygon. 



# 

Name of Polygon 


No. of 

sides and 

No. of 

Angles 


No. of 

Triangles 


No. of 
Right 
Angles 


No. of 
Degrees 


Quadrilateral . 
Pentagon .... 
Hexagon .... 
Heptagon .... 
Octagon .... 
Nonagon .... 
Decagon .... 


4 
6 
6 
7 
8 
9 
10 


2 
3 

4 
5 
6 

7 
8 


2x2 
3x2 
4x2 
5x2 
6x2 
7x2 
8x2 


360° 

640° 

720° 

900° 

1080° 

1260° 

1440° 
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88. If we suppose the figures to be Regular polygons — 
that iSy polygons whose sides and angles are equal — ^the 
magnitude of each angle may be found by dividing the total 
number of degrees in the polygon by the number of its 
angles ; thus, in a 

Quadrilateral 360° -r- 4= 90° in each angle 

Pentagon 540°-^ 5=108° „ 

Hexagon 720°-t- 6=120° 

Heptagon 900°-*- 7 = 128^° „ 

Octagon 1080°-- 8=135° 

Nonagon 1260° -i- 9=140° „ 

Decagon 1 440° -«- 10=144° „ 

89. The greatest number of diagonals which can be 
drawn in any polygon is easily ascertained. In a nine-sided 
polygon or nonagon, 9 — 3=6 diagonals can be drawn from 
the same vertex, and since the polygon has nine vertices, it 
would appear that 9x6=54 diagonals could be drawn. 
Now, each diagonal unites two vertices, therefore we shall 
not have 54 distinct diagonals, but 54-r-2=:27. Hence in a 
nonagon 27 diagonals can be drawn. 

90. Generally; in a polygon of n sides, (w— 3) diagonals 
can be drawn from one vertex, and w (w— 3) from all the 
vertices. But each of the n (ti— 3) diagonals has been taken 
twice, therefore the number of distinct diagonals which can 

be drawn in a polygon of n sides is — i-_ZI_J. 
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CHAPTER VIII. 



POLTOONS. 



91. The diagonal ao of the rhombos^A b c D divides it 
into two isosceles triangles a b o and A d c. 




By drawing the second diagonal bd, the rhombus is 
divided into four right-angled triangles ; for the angle b A e 
=B G E, and A B E:s=G B E ; therefore the angle a e b=c e b. 
But A E b=c e d=c e b=a e D3=90°. 

The area of a b c=^ (ac.be) 
The area of A d c=^ (ac.de) 



The area of rhombus=^ a c (b e + d e) = 



AC.BD 



Hence we see that the area of a rhombus is found by 
taking half the product of its two diagonals. 

92. By drawing diagonals in regular polygons the latter 
will be divided into figures whose areas are easily computed. 
Let us take a regular pentagon a B c d e as an example (fig. 
119). 

The diagonal ec divides the polygon into an isosceles 
triangle e c d, and an isosceles trapezoid a b c e. We know 
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that the angleED 0=108° .'.DEC+DOE=rl80**-108*'=.72°. 
And because dec and n c e are equal, each angle is equal to 




36°. The magnitude of each of the equal angles a e c, b o e 
is 108°— 36°=72°. Because e a b is equal to 108°andAEC 
is equal to 72°, it follows that e a b and a e c are supple- 
mentary angles, for their sum is equal to two right angles or 
180°; therefore the straight lines eg and ab are parallel 
(Art. 47). And the sides A e, b c are equal, being sides of 
a I'egular polygon ; consequently a b c e is an isosceles 
trapezoid. 

93. If two diagonals eg, ad be drawn, the polygon is 
divided into three isosceles triangles, and <me rhombus. 



We have just proved that the angle E a d=36® and a E c 
=72°.-.A PE=180°-(36°-|-72°)=72°. Therefore the angles 
A E F, A F £ are equal, consequently a e==a f ; hence a e F is 
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an isosceles triangle. In a similar manner we can prove that 
c D F is an isosceles triangle. The two triangles d e c, e a d 
are equal, having their vertical angles and angles at the base 
respectively equal, and the sides about the equal angles 
equal, therefore ec— fc=ad— af, whence fd=fe, and 
consequently F d E is an isosceles triangle. We have thus 
shown that the sides of the figure A B c f are all equal, and 
by Art. 92 the opposite sides are parallel, therefore the 
figure is a rhombus. 

In the same manner it can easily be shown that by 
drawing the diagonal A c five isosceles triangles are formed. 
And by drawing the diagonal E B, five isosceles triangles and 
an isosceles trapezoid are obtained. 

94. The diagonals which can be drawn in a regular 
hexagon (fig. 121), are not all of the same length. They 

Fig. 121. 




may therefore, for the sake of convenience, be distinguished 
as diagonals of the first order for the shorter, and diagonals 
of the s^ccmd order for the longer. 

1®. The diagonals of the first order a c, A e. c e, divide 
the figure into three isosceles triangles and one equilateral 
triangle. For the side ab=bo=cd=de=:ef=fa, and 
the angle a b c=c d e=b f a=(4 x 180®)-^6=120^ The 
triangles abc, cde, efa are equal and similar, consequently 
the bases a o, c e, e a are equal, and therefore the triangle 
A c e is equilateral. 

2^. The two diagonals of the first order ae,* bd divide 
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the figure into two isosceles triangles and a rectangle. It has 
been already shown that A F e is an isosceles triangle, and 
that the angle epa= 120®, each of the angles fae, fea 
=(180°-120°)h-2=30°. Hence the angle a bd is equal to 
(120°-30°)=90°, and is therefore a right angle. This is 
sufficient to show that the figure A e d B is a rectangle. 

3®. By drawing a diagonal a d of the second order, the 
hexagon is divided into two isosceles trapezoids. The two angles 




B A f, c D e are bisected by the diagonal a d. Hence each of 
the angles b a d, c d a, f a d, e d a is equal to 120°-7-2=60®. 
Each of the equal angles dob, cba, def, EFAis the supple- 
ment of each of the equal angles cda, bad, ed a, fad; 
consequently the sides c b and e f are parallel to a d, and 
because the sides of the hexagon are all equal by hypothesis, 
the two figures abcd, afed are isosceles trapezoids. 

4®. If two diagonals ad, be of the second order be 




d^wn, the hexagon is divided into two equilateral triangles 
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and two rhombuses. We know (3°) that each of the 
angles o e d, o d e is equal to 60°, therefore the remaining 
angle eod is also equal to 60^, consequently o E d is an equi- 
lateral triangle, and oe=ed=e f. In like manner we can 
prove that a o=a b=a f=f e. Now, because the opposite 
sides of the figures obcd, oafe respectively are both equal 
and parallel, these figures are rhombuses. 

5®. If the radii o f,o c be drawn, then f o, o c will be in 
the same straight line, and therefore f c will be a diagonal. 
For each of the angles foe, eod, doc is one-third of two 
right angles ; therefore their sum is equal to two right angles ; 
hence f o, o c are in the same straight line, and the figure will 
be divided into six equal equilateral triangles. 

6^. If from the same vertex a two diagonals a c, A d of 
the first and second order respectively be drawn, which do 
not intersect, the hexagon is divided into three figures which 
are all different, viz. an isosceles triangle a b c, a right-angled 
triangle A c D, and an isosceles trapezoid a f e d. 




7**. If two diagonals, b f of the first order and a d of the 
second order, be drawn, which do intersect, the hexagon is 
divided into four figures, viz. two right-angled triangles 
A M B, A M F, and two right-angled trapezoids M B c D and 

H FED. 
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CHAPTER IX. 

INTEBIOB POLYGONS. 



95. In the case of a regu lar pentagon, diagonals of one 
order only can be drawn (fig. 125). By drawing all the 
diagonals possible a smaller pentagon is formed whose ver- 
tices are their intersections. The position of the interior pen- 
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tagon is the reverse of that of the exterior, and its sides are 
parallel respectively to the corresponding sides of the latter. 

96. In the regular hexagon two kinds of diagonals can be 
drawn. Those of the first order form an interior hexagon 
similar to the larger polygon. The diagonals of the second 
order intersect in the same point within the figure, and 
therefore do not form a new figure. 

97. In the regular heptagon the diagonals of the Jlrst 
order form an interior heptagon. The position of the latter 
is the reverse of that of the larger heptagon. If the smaller 
heptagon be turned upside down, its sides will be parallel to 

F 



the correspouding ddee of the larger polygon. The two 
polygons are similar to one another. If tibe diagon&ls c^ the 




teeond order be drawn, a heptagon will be formed, the podtioD 
of which is the same as that of the exterior polygon. Dia- 
gonals of the third order — that is, which pass over three 
Tertioes — cannot be drawn in a heptagon. 

98. In the case of a regular octagon, the diagonals of the 
first order form an interior octagon, the position of which is 
the revenie of that of the larger octagon. The diagonals of 
the teeond order form an interior octagon, the posiljon of 
which is the same as that of. the laiger octagon. The 
diagonals of the third order intersect in the garnie point, and 
therefore do not form a new figure. 

99. In a r^ular nonagon, diagonals of the JlrH, second, 
and third order will form interior nonagons. The position 
of the nonagons formed by the diagonals of the first and 
third order respectively is tbe reverse of the position of the large 
polygon. The position of the interior polygon formed by diago- 
nals of the second order is the sameas thatofthe large polygon. 

100. Ithasbeen8tated(Art,85) thatn— Sdiagonalsfrom 
any vertex can be drawn in every polygon. The number of 
interior polygons which can be formed will always be fonnd to 
be equal to —^ when the number of sides of the polygon is 
odd — that is, when n is odd ; and to —^ — when it is even. 

Moreover, Hie diagonals of the first, third, fifth, &c.. order 
always form the interior pol ygon in a reversed position to 
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that of the large polygon respectively, whilst those of the 
second, fourth, &c., form the interior polygon in the same 
position as that of the external polygon unless they all pass 
through the same point. 

101. In order to find the area of a regular polygon 
ABODE {^g, 127), bisect two consecutive angles a and b. 

Fig. 127. 




From the point H where the two bisectors of the angles A 
and ^ cut one another draw lines to the vertices e, c, d 
respectively. The polygon will be divided into as many 
triangles as the figure has sides. These triangles are all 
equal and similar, for A e=a b and h A is common, therefore 
H E=H B. Hence the triangles a h e, a h b are equal. By 
drawing the perpendicular h K we can find the area of the 
triangle A H b, and as all the triangles are equal, the area of 
the polygon is expressed by 

R HK 

5 ABX-jr- 

Since a e=e d=d c=c b=b a, 5 a b is the sum of the sides of 
the polygon. The sum of the sides of a polygon is called the 
perimeter. The point h is the centre of the polygon, and a 
perpendicular from this point on a side is termed the apotome 

of the polygon. Prom the formula 5 a b x -^ we see that 

the area of a regular polygon is measured by the prodtict of 
the perimeter and half the apotome. 

v2 
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CHAPTER X. 

STAR-POLYGONS, EQUIVALENT FIGUEES, &C. 

102. If the sides of a regular quadrilateral be produced 
they will never meet, and consequently no new figure can 
be formed in this manner. If, however, the sides of a 
regular pentagon be produced in both directions, five dis- 
tinct intersections will be obtained, which are the vertices of 

a new pentagon. 

Fig. 128. 



V 
a, 



In the regular pentagon a b c d £, if the sides be pro- 
duced, the intersections a, e, d, c, &, are formed. The 
triangles a e e, e cZ d, d c c, c & b, and b a a are all equal and 
similar; for theangleAED=108°/.(^ED=180°— 108=72% 
so also c^DE=72°; hence the triangle c^de is an isosceles 
triangle. In the same way it can be shown that each of th« 
angles at the base of each of the isosceles triangles is equal to 
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72°. Thus D c?=E d=E e= A e, (fee. By drawing the straight 

lines ae, ed, dc, cb, ha & r^ular polygon similar to abode 

is formed. 

The figure formed hy producing the sides of a polygon is 

termed a star-polygon. 

Fig. 129. 




103. By producing the sides of a hexagon in both 
directions, a star-polygon of 12 sides is formed (fig. 129). 
In ^g, 130 we have a heptagon. If the sides be produced 



Fig. 130. 




they will intersect in the seven points a, 5, c, d, e,/, g re- 
spectively ; and by producing the sides beyond these points, 
seven new points of intersection will be formed and a second 
star-polygon will be obtained. 
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104. In lik^ manner if the sides of a regular octagon be 
produced) two star-polygons will be formed. By producing 
the sides of a nonagon we shall obtain th/ree star-polygons. 

We hare seen that by producing the sides of a regular 

polygon of n sides, — ^— star-polygons can be formed, when 

n—S 
n is an even number ; and — ^r— star-polygons when n is odd. 

Intersection of Figures. 

105. Of two equal triangles one may be placed on the 
other in such a manner that the two triangles do not 
coincide — ^that is, exactly cover one another. For instance, 

Fig. 13]. 

A 



D 

they can be placed together so as to form 1, 2, 3, 4, 5, 6 
points of intersection. In the case of two equal equilateral 
triangles one can be placed on the other so as to form (1) six 
equal equilateral triangles, (2) a regular star-polygon, (3) a 
regular hexagon equal in area to the sum of the six equal equi- 
lateral triangles. In order to obtain these results, each side 
of one of the equilateral triangles is trisected — that is, divided 
into three equal parts as in the figure. 

106. Of two equal isosceles triangles one can be placed on 
the other so as to form six equal isosceles triangles, the sum 
of whose areas is equal to the area of the interior six-sided 
polygon. The latter is not a regular polygon in this case. 
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The two triangles must be placed together as indicated in 
fig. 131. To prove that the triangles a 6 a, c6e, cdB, 
edj>, efc, and a/F are isosceles, it is only necessary 
to observe that ed is parallel to e p, e/to ab, af to de, 
a 6 to c B, c 6 to D p, and dc to ac; the triangles ej)d, /f a, 
and e E 6 are similar to the triangle cab and the other three 
to E D F ; hence these triangles are isosceles. 

107. Of two equal equilateral triangles, one can be placed 
on the other so as to form four equal equilateral triangles 
and a rhombus. Half the sum of these triangles (fig. 132) is 

Fig. 132. 




equal to the area of the quadrilateral A h e o. Thus, bisect 
the sides of the triangle A B c in e, g, h. Draw the straight 
lines E D, E F, F A through the points G, h, and a respectively, 
making them equal to the sides of the triangle a b c, then 
the triangle d F e will be equal and similar to the triangle 
A B c ; draw g h and we obtain six equilateral triangles. The 
other truths are obvious. 

108. The intersections formed by placing one quadrilateral 
upon another are worth notice. Two equal squares, for 
instance, can intersect one another in not more than eight 
points, and in such a manner that eight right-angled isosceles 
triangles are formed. 

In the square A b D c draw the diagonals ad, b c. 
Thi'ough their point of intersection l draw l k, lf parallel 
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to A B, and L ^^ L E parallel to A c, making each line equal to 
A L. Join H K, H F, F E, E K. The quadrilateral e F H K is a 
square, because the diagonals K F and H e are equal and cut 

Fig. 133. 

R 




one another at right angles. The square e f h k is equal 
to the square a b d c, because 

K h2=h f»=f b2=e k2=hl2 + kl*=al2+l b*=a b«=bd2. 

109. If two quadrilaterals meet in four points, so that 
one falls entirely within the other, the smaller figure is said 
to be inscribed in the larger. As particular cases the two 
following may be mentioned : 

1^. Bisect the sides of the quadrilateral a b c d in points 

Fia. 134. 




a, by Cf d i^espectively. The quadrilateral abed thus formed 
is, 1^ a parallelogram. 2®. Its area is equal to half the area 
of the quadrilateral A B c D, or, what amounts to the same 
thing, the area of the parallelogram is equal to the sum of 
the four triangles cdD, cbc, abB, adA, 

The square abdc is divided into four equal parts by 
drawing H k, e F through the points of bisection e, k, f, h 
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of the sides of the sqnara The figure h e k f is an inscribed 
square, and is equal to half the area of A B D c. It is also 

Fia. 135. 



H 



t y^'X 



B 



equal to the sum of the four triangles e k d, k f b, h f a, and 
E H 0. These are right-angled isosceles triangles, equal and 
similar to one another ; the area of each being equal to one- 
eighth of that of the square a b D c. 

Equivalent Figures. 

110. To convert one figure into another of equal area. 

In our demonstrations of the areas of figures it was shown 
how the area of a parallelogram was equal to that of a rect- 
angle, &c. (§ 71). In the present article we shall show how 



Fig. 136. 




to change one figure into another without altering its area. 
Triangles and quadrilaterals only will be spoken of. 

Let ABC (fig. 136) be an acute-angled triangle. The 
area of this triangle is =^ a b x c d. Through the point c 
draw a line parallel to a b and produce A b. If from any 
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point in G E lines be drawn to a and b, a triangle will be 
formed equal in area to the triangle A B c. If the point in 
c E be so taken that the perpendicular j&om it on A b passes 
through B, the triangle formed is a ri^t-angled triangle. If 
the perpendicular fistU on A b produced, the triangle formed is 
obtuse -angled. In fig. 136 the area of a k b=^ a b . k b, and 
since k b=cd, the area of the right-angled triangle=^ A b . c d 
=area A c B. Again, the aiea of a l b=^ a b x l p, but l p 
=c D, therefore the area of the obtuse-angled triangle alb 

=^AB.CD. 

Fig. 137. 
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111. The acute-angled triangle abc can also be reduced 
to an isosceles triangle of equal area. Through the point c 
draw a line c d parallel to a b ; bisect a b in h and draw h e 
perpendicular to A b, meeting the parallel through c in E. 
Join EA and eb and the isosceles triangle aeb shall be 
equal in area to the iu^ute-angled triangle abc. For 

Area of ABC=^AB . CK 
Area of a e b=^ a b . e h. 

But c k=e h, therefore J a b . c k:±:^ a b . e h, or the area of 
A B c is equal to the area of A E b. 

112. In a similar manner an obtuse-angled triangle can 
be changed into an acute-angled triangle, a right-angled 
triangle, or an isosceles triangle. An isosceles triangle can 
be changed into an obtuse-angled triangle, a right-angled 
triangle, or an acute-angled triangle. An equilateral triangle 
can likewise be converted into an equivalent acute, obtuse, 
or right-angled'triangle. 
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To change an obtuse- angled triangle into an equilateral 
triangle it is necessary to know certain properties of the circle. 

113. To construct a triangle equivalent to a given 
parallelogram. 



Fig. 138. 




1°. A right-angled triangle. 

The area of a pai-allelogram =length multiplied by alti- 
tude. At the point a draw a f perpendicular to A b. Pro- 
duce D c to meet a f in e. The area of the parallelogram 
ABDG=AB.AE. Make A F = 2 A £; join the points F and 
B. B A F is a right-angled triangle. 

Area of a b d c=a b . a b 

=^abx2ae 

=^ A b X A F=the right-angled triangle A b f. 

2®. An isosceles triangle. 

The same construction being used. Through F draw f m 
parallel to a b. Bisect a b in the point k, and draw k l per- 
pendicular to A B, and meeting f M in L. Join the points l 
and A and L and b. a b l is the isosceles triangle required. 

Area of abl=^abxkl 
=^abx2ae 

= A B X a E. 

Hence we see that the area of the isosceles triangle a b l is 
lequal to the area of the parallelogram A b d c. 

3°. An acute-angled triangle. 

Draw FM parallel to ab. Draw bm perpendicular to 
k b, and meeting f m in m. By joining any point between f 



76 



LESSONS ON FORM. 



and M to A and b we obtain an acute-angled triangle at a 
or B equivalent in area to the parallelogram. If any point 
beyond M or f be joined to a and b, an obtuse-angled triangle 
will be formed.^ 

114. To change a rectangle into a right-angled triangle 
or an isosceles triangle of equal area. 

In the rectangle a b d c produce a b to e, making b e 
equal to a b. Join the points c and e. 

Fig. 139, 




Because by § 57 the triangle b f e is equal and similar 
to the triangle D F c, the area of A b D c is equal to the area 
of A c E. 

From the point d draw da, d e. The isosceles triangle 
A D E is equal in area to the rectangle a b D c. 

115. To change a rhombus or a square into a right-angled 
or an isosceles triangle of equal area. 




^ If A B is less than A c, such a triangle can always be found • 
but If A B is greater than A c, then the construction cannot always 
be effected. 
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Draw the diagonals A d, b c. From the point A draw 
a perpendicular to ab, meeting bb produced in h. The 
area of a rhombus is equal to half the product of its two 
diagonals (Art. 91). 

Area of a b d 0=^ A d x c b. Area of the right-angled 
triangle ahb=^abxah, or, since ah=cb, the area of 
A H B=i A B . c B. If we produco c B to P, making b p=^ b c, 
and join f to A and b, the area of the isosceles triangle A F B 
is equal to the area of the rhombus A b B c. For the area of 
A F B is= J A B. E F=A B X ^ E F=A B X c B=area of the rhom- 
bus A B B C. 

In a similar manner it may be shown that a square 
can be changed into a right-angled triangle or an isosceles 
triangle. 

116. To change a triangle into a parallelogram. 

Fig. 141. 




Bisect one of the sides a c of the triangle a b c in the 
point b; draw be parallel to ab and bf parallel to ab, 
meeting b e produced in f. The parallelogram a b f b shall 
be equal to the triangle abc. To prove this it is only 
necessary to remark that the triangles b e c, b e f are equal 
and similar, having the vertical angles at e equal, and the 
alternate interior angles at F and B, and likewise those at c 
and b respectively, equal, and the side bc equal to bf, 
therefore the two triangles are equal. Moreover, the height 
of the parallelogram is equal to half the height of the 
triangle 3 for A b and B f being parallel, the perpendicular 
CL is, like ac, bisected by bf. Thus the area of abc 

=^ A B X C L=^ A B X 2 K L=A B X K L=area A B F B. 
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117. To change a right-angled triangle A b c into a rect- 
angle ABED. 

Fio. 142. 






Bisect the hypothennse c b in f. Through f draw d e 
parallel to a b, and through the point b draw b e parallel to 
AC. The rectangle abed is equal in area to the right- 
angled triangle A b o. For the triangles B F E and F D c are 
equal and similar (115). 

118. To change an isosceles triangle into a rhombus. 

Fig. 143. 




E\ D : /F 



B 



\ I 

\ I 

^ • i 

% I / 

X ' / 

* ' / 

* > I 
» : ' 



Let A B c be an isosceles triangle. From the vertex o let 
fall the perpendicular c b on a b and produce it to k, making 
D K equal to D. Bisect ad, d b in points e and f respec- 
tively, and draw e c, c f, f k and k e. The figure e c f k is 
a rhombus whose area is equal to that of the isosceles 
triangle a B c. The four right-angled triangles e c d, f c d, 
F K D, £ K D are equal and similar, hence the hypothenuses 
EC, CF, FK, EK are all equa)., and consequently the figure 
E c F K is a rhombus. Because the triangles a e c, E d c have 
equal bases and the same altitude, and AEC=^ABCy we have 
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4edc = 4:AEC, or the rhombus ecfe equal to the isosceles 
triangle. 

From this it is easy to see how a square, rectangle, and 
paraUelogram can be changed, first into an isosceles triangle 
and then into a rhombus. 

119. To change a trapezoid into a triangle. Let abdc 
be a trapezoid. Produce ab to e, making be equal to cd. 



c 


Fig. 


144. 
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Join c E cutting b d in f. The triangle ace is equal in area 
to the trapezoid abdc. It is easy to prove that the triangle 
B F E is equal and similar to the triangle n f c. "We know that 
the area of the trapezoid abdc = ^ck(cd + ab) = Jck(be 
4-ab)=^kxa E=area of triangle A E c. If a right-angled 
triangle were required, we should draw a perpendicular 
from E meeting c n produced in l, and then draw the straight 
line A L. A E L would be the right-angled triangle required. 

The case of an isosceles triangle is left as an exercise for 
the piipil. 

120. To change any triangle into a trapezoid. Let a b c 




be a triangle. It is required to construct a trapezoid equal 
to it in area. Bisect either a b or c b, and through the point 
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of bisection draw d e parallel to the base a g. Produce a c, 
making c G equal to D ST; join E G. The trapezoid D B g A is 
equal in area to the triangle A b c. For the two triangles 
DEB, G c E, have equal bases and equal altitudes, consequently 
their areas are equal. 

121. To change a parallelogram into a trapezoid. 

Fig. 146. 




Bisect B 0, and through the point of bisection draw a 
straight line meeting c d in the point f and a b produced in 
H. The trapezoid a h F b is equal in area to the parallelogram 
A B c D. If a right-angled trapezoid be required, then f h 
must be drawn through e perpendicular to d c, or to a b 
produced. If an isosceles trapezoid is to be constructed, we 
must make the angle b e f equal to twice the angle e c f, 
and produce f e to meet a b produced in h. Then the figure 
A H F D is the isosceles trapezoid required. 

122. To change a rhombus into a rectangle and a paral- 
lelogram. 

Fig. 147. 




Let A B c D be a rhombus. Draw the diagonal a c, and 
through B draw E G parallel to A c, from a and c let fall per- 
pendiculars A F, c E on G E. The rectangle AC £F will be equal 
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to the rhombus a b c d. The diagonals a o, B d bisect one 
another at right-angles, the four triangles c k B, c k d, a k b, 
A K D are thus equal and simil.ir to each other, and as the 
triangle c E b=k b c, and A F b=a k b, the equality of the 
two areas aoef, abcd is manifest. But we also know 
that the area of the rhombus==r^A c x b d=a c x ^b I)=a c x 
K B^A c X A F=area of rectangle a c E f. 

To change the rhombus into an equivalent parallelo- 
gram, we must draw through the point B a parallel to A c, 
and join c to any point p in e q (except the point e) and 
draw A G parallel to c p, the figure a c p o will be a paral- 
lelogram. 

123. To change an irregular quadrilateral into a paral- 
lelogram or a trapezoid. 

Fig. 148. 



Let ABCD be an irregular quadrilateral. Bisect each 
side, and join ah, be, cd, da. The inscribed figure abed 
is equal in area to half the quadrilateral abcd (109). 
Produce b c indefinitely, and make c/=b c, produce ad to 
e, making de=ad, join ef. The parallelogram ab/e is 
equal in area to the quadrilateral abcd. If /g be made 
equal to /c, and the points d g joined, the trapezoid adgb 
thus formed will also be equal in area to the quadrilateral 

ABCD. 

124. To change an irregular polygon into another irre- 
gular polygon having one side less than the first, this second 
polygon into another of one side less, and so on, until we have 
changed the first polygon into an equivalent triangle. 

G 
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Let ABCDEFbean irregular polygon. Draw a diagonal 
B D of our first order. Produce a b and draw c o parallel to 
B D, and meeting ▲ b produced in o» Join the points D and a, 



Fig. U9. 




and ihe irregular siz-fiided figure a b c i>-e f will be reduced 
to an equivalent figure of ^ve sides. For the triangles b d a 
and BCD are equal, therefore BDG~BHD=BCD^BHDy or 

BHG=DHC. 

125. To change this five-sided figure into a quadrilaterals 

Fig. 150. 




Begin by drawing a diagonal of the first order, bd, and 
through c draw c F parallel to bd and meeting ab produced 
in F. Join the points B and F, the figure A E D F shall be 
equal in area to the irregular pentagon abode. 

126. To change 'this quadrilateral into an equivalent 
triangle. 

Again commence by drawing a diagonal b d, make c e 
parallel to bd, meeting the production of ab in e. Join 
the points d and E, The triangle aed is equal in area 
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to the quadrilateral A b c b. Thus we see that the area 



Fig. 151. 




of the triangle a e d = area a b c d = area A b c d e = area 

A B c D E F. 

Circle. 

127. The space enclosed by a curved line, which returns 
to its point of departure, and every point of which is equally 
distant &om a certain point within the space, is called a 
circle. 

The curved line itself is termed the circumference of the 
circle, the space enclosed is the cirde-plcmey and the point 
within the circle from which every point of the circumference 
is equally distant is the centre of the circle. 

A circumference may be more briefly defined as the 
loctis or path of points equally dista/rvt from a fixed point. 
We may then define the circle as the spa^ce encloaed by 
this dreumference and the fixed point as the centre of the 
circle. 

128. Any straight line drawn from the centre to the 
circumference is a raditis. Two or more such straight lines 
are termed radii. It follows from the definition of a circum- 
ference that all radii of the same circle are equaL 

129. Any portion of a circumference, however great or 
however small, is termed an arc. 
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The Circle and Straight Line, 

130. A circle is said to be intersected by a straight line 
when the latter cuts the circumference in two points a b, 
fig. 152. 

Fig. 152. 




When such a line passes through the centre of the circle, 
it is called a diameter, 

131. The straight line a b is called a chord ^ or more par- 
ticularly, the chord of the arc A b. 

A chord divides the circle into two parts, each of which 
is called a segment of the circle. Thus a segment of a circle 
is contained by an arc and its chord. 

132. If two radii o A, o b, fig. 153, be drawn, the circle is 
divided into two parts which are called sectors of the circle. 

Fig. 163. 




Thus a sector is contained by an arc and two radii. Or we 
may define a sector as a portion of the area of a circle 
bounded by two radii and the arc which they intercept. 

A sector of a circle always consists of a segment plus o^ 
minus an isosceles triangle. Thus in fig. 153 : 
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Sector A c b= Segment a c b + triangle A o b, 
and Sector o a B B = Segment A d b —triangle a o b. 

133. When two diameters ab, cd, fig. 154, cnt one 
another at right angles, the circle is divided into four equal 
parts, each of which is called a quadrant. 




The right angle c o b is formed by the two radii o b, o c, 
and the arc b c between their extremities is one-fourth of the 
whole circumference, 

134. We have already seen (6) that by an inward or 
outward movement of either of the legs o b, o c, the angle 
b o c will become ^smaller or larger, and so also will the arc 
B c. And since the magnitude of an angle is independent of 
the length of its sides, it is manifest that its magnitude can 
be determined by the length of the arc to which it corresponds. 
The circle is divided into 360°, the arc A b is one-fourth of 
the whole circumference, and as it corresponds to a right 
angle, we may say that the angle c o b is measured by the 
arc B c, that is, by one-fourth of 360^=90°. Thus, an angle 
<xt the centre of a drele is measured hy the arc to which it 
corresponds. 

A fifth part of the drcumference will correspond to an 
angle=-2^°=72°, <fec. 

135. The two lines which intersect at right angles do 
not always pass through the centre. 

In fig. 155 the diameter cd cuts the chord A B, which 
does not pass through the centre, at right angles. By drawing 
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radii Ok, on, an isosceles triangle o a b is formed, o A being 
equal to o b. The chord a b is bisected by o d (55). Hence 




follows the equality of the angles n o a, dob (56) ; and con- 
sequently the equality of the arcs ad, d b (134). From this 
we see that arc cad— arc AD=arc cbd— arc db, or arc 
c A=arc G B. 

136. We shall now consider the case when a diameter 
and chord meet at a point on the circumference. 

In fig. 156 let a diameter a b and chord c b meet at the 
point B. The angle a b c thus formed is measured by half 




the arc a c which corresponds to it. To prove this, draw tbe 
radius o o by which the isosceles triangle o b c is obtained. 
The angle aoc=obc+ocb; but obc=ocb, therefore 
AOC=2oBC. Now the angle at the centre a o c is measured 
by the arc AC, which corresponds to it: consequently the 
angle at the circumference c b o, which is the half of A o c, is 
measured by half the arc a c. . 
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[K, from the extremity c of the chord b c, a perpendicular 
c D be drawn to A b, bj> is the projection of the chord b c on 
ab(79)]. 

The case of two chords meeting on the circumference, 
neither of which passes through the centre, is left as an 
exercise. 

137. Let the two secants ab, ob, meet in a point b 

without the circle. 

Fig. 157. 



Draw E D parallel to a b, the angle e d c= a b c (47). We 
know (136) that the angle ed o corresponds to half the arc 
E c which equals ^ (arc A c — arc A e)=^ (arc a c— arc d f). 
Hence the following statement : The a/ngle formed by two 
secants which meet without a circle is measured by half the 
difference of the arcs they intercept, 

138. In fig. 158, if the chords ae, CD be drawn, the 
triangles A b E, c b B are similar. For the angles a and c are 

Fig. 158. 




equal, as corresponding to half the common arc D E, and the 
angle B is common to both triangles. 



■« 
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139. We shall now consider the case when two chords 
intersect within the circle. 

Let two chords ab, cd (iSg. 159), cut one another in the 
point E. Draw d f parallel to a b. The angle c e a=c d f 

Fig. 169. 




(47). But the angle cdf is measured by ^ arc cf, there- 
fore c E A is also measured by ^ arc c f=^ arc a c -|- ^ arc A f, 
but as arc AF=arc bd, consequently the angle CE A is mea- 
sured by ^arc AC-f-^ arc bd = ^ (arc a c+arc bd). Hence 
the angle formed by two chords which intersect within a 
circle is measured by half the sum of the arcs they intercept. 
In order to show that the triangles bed and A B c are 
similar, it is only necessary to remark that the angles b d E 
and c A E are equal, each being measured by ^ arc b c, and 
the angles at the vertex e are equal. The foregoing proof 
also applies to the case when the two chords intersect at 

right angles. 

Fig. 160. 




Let two tangents to the circle o intersect in the point b. 



THE CIRCLE. 



89 



Draw a diameter d e parallel to c b, and from £ draw £ f 
parallel to A b. 

The arc c D=arc c E, and arc A F=arc a e ; therefore arc 
D F=:arc CDF A— arc c e a. But the angle A b c is equal to 
the angle def; consequently the angle formed by the 
tangents A b, c b is measured by half the difference of the 
arcs which they intercept. 



Two Circles. 

140. Two circles may have interned contact {^, 161), or 
external contact (fig. 162). Two circles can only cut one 
another in two points. 

Fig. 161. Fio. 162. 





Let the circles o and o', &g, 163, cut one another in the 
points c and d. Join the centres o and o' by the straight 
line oo', and draw the common chord OD. The line of 



Fig. 163. 




centres oo' and the chord cd cut one another at right 
angles. For it is easy to prove that the adjacent angles ogd, 
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o G c are equal. Further, o c F D is a sector of the larger 
circle o, and o'o e d is a sector of the smaller circle o'. The 
circular segment o E D F is common to the two sectors, and 
consists of the sum of the two segments, of which the arc 
B F c belongs to the larger, and the arc d e c to the smaller 
circle. 

When the two circles are equal, oe=o'f, ec=fc. 
Arc D E=arc d F=arc f c=arc c e. The triangle god 
=:o'cD. Hence o c o'd is a rhombus: the sector ocfd 
=o' DEO. Segment d f c=segment dec. 

Inscribed cmd Circumscribed Polygons, 

141. Through any three points not in the same straight 
line one, and only one, circumference can always be drawn. 




Let A, B, c> fig. 164, be the three points. Draw the 
straight lines A b, B c, o A, which will be chords of the circle. 

The perpendicular bisectors of these chords will intersect 
in a point which is the centre of the circle passing through 
the three points A, b, c. For the point o is on the perpen- 
dicular bisector of A c ; it is therefore equally distant from 
A and c. It is also on the perpendicular bisector of the line 
A B, and is therefore equally distant from the points A and B. 
Thus o A=o 0=0 B=radii of the circle. 

The triangle A b c is said to be inscribed in the circle. 
From this it is evident that a circle can always be circum- 
scribed about a triangle. 
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142. In fig. 165 the circle is said to be mBcrihed in the 
triangle. 

Fig. 166. 

A 




Let ABC be a triangle. The three sides must be tan- 
gents to the circle. The point of intersection 6 of th© 
bisectors of the angles A and c will be the centre of the 
inscribed circle. If from o a perpendicular o D be drawn to 
A B or B c, it will be a radius of the circle. Thus a drcle 
described with o as centre and radius equal to the perpen- 
dicular o D will fulfil the required conditions. 

143. "We shall now take an equilateral triangle about 
which a circumference has been circumscribed (fig. 166). 




The arcs a b, b c, o a are equal, and the diameters drawn 
from the vertices of the triangle intersect the chords at right 
angles respectively 3 consequently arc A D=arc D B=arc b e 
=arc E c=aro c p=arc fa. If we draw the chords of these 
arcs, namely, a b, B b, be, e c, c f, fa, they will be all equal 
and a regular hexagon will be inscribed in the circle The 
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angle ADB is measured by ^ arc acb (136) — that is, ^X 
360''=120''. D B E=i arc D F E=34ii=120, &c. 

144, By drawing the three diameters ad, be, cF (fig. 
167) the polygon is divided into six equal and similar 
isosceles triangles. They are isoacelee, for two sides of each 
are radii of the same circle. And their vertical angles, that 
is, the angles at the centre u, are measured by equal arcs. 
Each angle at the point m is ^ x 360<'=60» ; this is sufficient 
to show that each triangle is equilateral. For the two re- 
maining angles are together equal to 180"— 60"=120'', and 
as they are equal angles each is ^x 120"=60". Thus we 
have shown that the sis triangles into which the polygon is 
divided are equal and equUateral, therefore A m=a b=b c, 
&c., i.e. the radius of the circumscribed circle is equal to 
. a side of the regular polygon. 




If the chords a c, C E, e a (fig, 1 67) be drawn, the triangle 
ABC thus formed is equilateral. Each of these chords is bi- 
sected at right angles by the diameters e b, a d, c p respect- 
ively. We are thus enabled to express a side e c of the 
inscribed equilateral triangle in terms of the radius of the 
circumscribing circle. 

Let the diameter a D cut the chord E c in a. 



E0*=DaXAO: 



=Da (ad— Da)=DO (2e 
o*=E>i'— dq' 
ig^=2bg.em— DG*. 



o). 



INSCBIBED POLYGONS. 



93 



or 



Thus 



eh^=2do.eh 

E M=2 D G. 

E G^=D G (2 E M— D g) 

=^EM (2eM— ^EM) 



EM' 



=Em2 -'^^rrrfEM^ 

/.eg2=|em2, or 4eg^=3em2, and 4eg2=ec2, therefore 

ec=>/3em2 

=EM>/3. 

Thus if the radius of the circle be known, the side of the 

inscribed equilateral triangle can be found. 

145. If two diameters intersect at right angles, and their 

extremities be joined by chords, a regular quadrilateral will 

be inscribed in the circle. 

Fig. 168. 

c 




The side of the quadrilateral is easily found when the 
radius of the circle is known. For in the right-angled 
triangle A eg, AC^=AE2-f ec*=2 ae^/.ac=ae>/2. 

By drawing a perpendicular from the centre E on any 
side B D of the quadrilateral and producing it to meet the 
circumference in P, the arc bd is divided into two equal 
parts, and the chord df is a side of a regular octagon 
inscribed in the circle. A side of this figure can also be 
readily found when the radius of the circle is known. For 

EH=^/(ED«-DH^)=^/( ED2-:^ BD^)==^//^EC^-EC^^ 



= >/i c E^ 



^ 
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thus PH=CE— >/icE^=CE— ^ce>/2=Jce(2— V2); 
likewise 

D F=>/(DH24-HF2)=V{^CE2 4-iCE2 (6-4^/2)) 

=CE>/(2->/2) 

The perpendicular eh is termed the apotome of the 
inscribed quadrilateral. In fig. 167 d g=^ radius; thus 
the apotome of an equilateral triangle inscribed in a circle 
ssradius— DG=^ radius. 

In &g. 168 we found that hf=^ce (2— a/2); hence 
the apotome eh=ce— ^ce (2 — >/2)=^ceV2. 

In fig. 167 the apotome of the inscribed hexagon=M k 

= -/ (f m2 - F k2) = V (fm2 - Jaf2) =V (f M^ - ;J F M^) 

== v'l F m2=^ f m>/ 3. 

By producing the apotome of any inscribed polygon until 
it meets the circle, we are enabled to form an inscribed 
polygon of twice the number of sides. The point in which 
the apotome meets the circle must be joined by straight 
lines to the extremities of the side on which it is drawn. 

146. When an inscribed figure is given, a similar figure 
can always be described about a circle. 




Let ABO (fig. 169) be an equilateral triangle inscribed 
in a circle. From each vertex draw the perpendicular bi- 
sector of the opposite side and produce it to meet the circle 
in the points d, e, f respectively. The intersections of the 
tangents at these points are the vertices of an equilateral 
triangle o, h, k described about the circle. 
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In a similar manner a polygon of four, five, six, eight, 
&c.y sides can be described about a circle when the corre- 
sponding inscribed polygon is given. 

1 47. "We can now express a side of the equilateral triangle 

described about a circle in terms of the radius of the inscribed 

circle. 

Fig. 170. 




Let A B (fig. 170) be a side of the inscribed triangle, and 
c D a side of tlie triangle described about the circle. The 
two triangles A o b, c o d are similar ; hence 

CD : AB=OE : OP 

or OF : 0E=AB : cd 

It follows. from (144) that ab=oaV3, and of=Job; 
hence the second proportion may be written 

^OF ; 0E=A0>/3 : CD 

cd=2oa>/3=2ab. 

Thus we see that the side of the equilateral triangle 
described about the circle is equal to twice the side of the 
inscribed equilateral triangle. 

148. If A b be a side of an inscribed regular quadnlateral 
(square), then a b=ae>/2, and the apotome e f=^ a E's/2 ; 
hence the proportion 

^aeV'2 : ae=aen/2 : cd 

c D=2 A E, 

From this we learn that the side of a quadrilateral 
described about a circle is equal to the diameter of the latter. 

149. If A B is the side of a regular inscribed hexagon. 
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then A B=:A Essradius, and e f=:-^ a e>/ 3^ and the proportion 

becomes 

^ae^/3 : ae=ae : cd 

•*• cd==^^=|ae>/3. 

150. If A B is the side of a regular inscribed octagon, then 

A B=AE>/(2— n/2), and e F=apotome=^ aen/(2 + >/2). 
The proportion is 

^AE>/~2+V2) : AE=AE>/(2 — >/2) : cd 

cd=2ae(3-2>/2). 

151. If any four points be taken on the circumference ®f 
a circle and joined by straight lines so as to form a quadri- 
lateral A B c D (fig. 171), then the angle b a d is measured by 

Fig. 171. 

SB 




^ arc B c D, and the angle b c d is measured by ^ arc bad; 
thus the sum of the opposite angles b a d, b c d=^ (arc bod 
+arc bad)=^x360o=180®=2 rightangles. Andlikewise 
the angle a b c is measured by ^ arc adg, and the angle ado 
is measured by ^ arc a b c ; thus, 

Angle A b c-f angle a d c=^ (arc a d o+arc A b c)=^ x 360® 

=1800=2 right angles. 

Hence we may conclude that when the sum of two opposite 
angles of any quadrilateral is equal to two right angles, a 
circle can be circumscribed about it. 

N.B. A circle can be circumscribed about every square, 
rectangle, and isosceles trapezoid, but not about every paral- 
lelogram, rhombus, and trapezium. 
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152. Let four tangents be drawn to a circle which inter- 
sect so as to form a quadrilateral (fig. 172). 




Let a, by Cf dhe the points of contact of the tangents and 
circle respectively. Then we know (Art. 142) that 

aD=Db 
c c=c b 

BC=Bd 

Aa=Ad 
thus a D+cc+Bc+Aa=D6+c6+Bc?+Ac?, that is, ad+cb 

s=DC + AB. 

The sides of every quadrilateral described about a circle 
are evidently tangents to that cii'cle ; and we have just seen 
that the sums of the opposite i^des of such a quadrilateral 
are equal. Thus a circle can be inscribed in every square 
and rhombus, but not in every rectangle, parallelogram, and 
isosceles trapezoid, or, in fact, in any quadrilateral, the sums 
of whose opposite sides are not equal. 

153. We shall conclude this chapter by showing how 
regular polygons of from three to twelve sides may be 
inscribed in a circle. 

Draw two diameters A b, d c (fig. 173) at right angles to 
one another. A c is a side of an inscribed square. With d 
as centre and radius equal to d m describe an arc £ m f, and 
draw the chord e f. Then £ f is a side of the inscribed 

H 
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equilateral triangle ; D f is a side of the inscribed hexagon. 
Half the chord e f, that is, e o is a side of the inscribed 
heptagon. The chord e h which subtends a third of the arc 
E D F is a side of the inscribed nonagon. 




With o as centre and o a as radius describe the arc a i 
cutting the diameter c d in i ; then m i is a side of the 
inscribed regular decagon. Ai is a side of the inscribed 
pentagon. If b c be bisected in k, the chord B K is a side of 
the inscribed octagon. Lastly, with b as centre and B m as 
radius describe an arc ml; then lc is the side of the 
inscribed dodecagon, and i l is the side of the inscribed un- 
decagon or eleven-sided polygon. 

154. We have shown in the last chapter how a polygon 
can be inscribed in a circle. Let us suppose a polygon of n 
sides to be inscribed. It is evident that the sum of these 
sides is the perimeter of the polygon, and that this perimeter 
must be less than the circumference of the circumscribing 
<jircle. If we now double the number of sides, that is, in- 
scribe a polygon of 2 n sides, the perimeter of this second 
polygon, though greater than the perimeter of the first, is 
still less than the circumference of the circumscribing circle. 
Tliiis we see that as the number of sides of each succeedinsr 
polygon is increased, its perimeter approaches closer and closer 
to the circumference of the circumscribing circle. 
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l^et ABCDEF be a regular polygon described about a 
circle. Draw am, b m, cm, <fec., and through the points a, 
b, c, df (fee, draw tangents c'd', a'b', e'p', <fec. d'c'b'a'b', <fec., 
will be a. new polygon described about the circle of twice the 
number of sides of the first. 




If this process were repeated a few times, the i-esult 
would be a described polygon of almost an infinite number 
of sides. 

155. We see from ^g. 167 that the perimeter of the in- 
scribed polygon consists of a certain numbei' of equal chords, 
and that the circumference of the circle consists of the same 
number of equal arcs; and as the length of each arc is 
greater than its chord, it follows that the perimeter of the 
inscribed polygon must be less than the circumference of the 
circumscribing cii'cle. 

As we increase the number of sides of each succeeding 
regular polygon described about the same cii'cle, we know 
that its perimeter becomes less and less, and that it eventu- 
ally approaches very closely indeed to the circle itself. Yet, 
however great the number of sides may be, the perimeter of 
the polygon described about the circle must, mathematically 
considered, be always greater than the circumference of the 
circle. 

If we continue to double the number of sides of the 

H2 
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inscribed and described polygons simultaneously, the peri- 
meters of each succeeding pair of polygons will approach 
each other, and consequently also the circumference of the 
circle closer and closer. And we may take the number of sides 
of the two polygons so great that the difference between their 
perimeters will be as small as any quantity we please ; but 
smaller still will be the difference between the circumference 
of the circle and the perimeter of either of the two polygons. 

156. In order to find the ratio of the diameter of a circle 
to its circumference, we first find the length of a side of the 
9i-sided polygon inscribed in, and also the length of a side of 
the n-sided polygon described about the same circle. Then 
we proceed to find a side of the 2 w-sided polygon inscribed 
in, and also a side of the 2 n-sided polygon described about 
the same circle. These calculations are to be continued until 
the difference between the perimeters of the two corresponding 
polygons is less than the degree of exactitude to which the 
ratio of the circumference of the circle to its diameter is 
required. If these perimeters differ only in the fourth 
figure after the decimal point, then we know that each of 
them differs from the circumference by less than one-thou- 
sandth part of the radius. This will be better understood 
by considering the following example. Take a regular 
hexagon inscribed in a circle whose diameter =2. 

Referring to fig. 170 

OF : OE=AB : CD 

or V(ao^— ^AB^) : 0E=AB : cd 

_ OEXAB _ 1 «_ 1 _ 2 _2 yo 

'''* ^''">/(A02-iAB2)"'V(l-i)""p3'"73""3'^ 

Now we know that the perimeter of the inscribed hexa- 
gon is 6 X 1=6, and we learn from the above calculation that 
the perimeter of a hexagon described about the same circle 

=6 X I >/3=4>/ 3=6-928203203755. Between these two 
perimeters the circumference of the circle will be found ; but 
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yre must have a closer relation than this — that is, greater 
accuracy. 

Proceeding in this way we shall obtain the following 
results: — 

No. of sides of inscribed polygon. Perimeter. 

12 =6-2116570 

24 =6-2652572 

48 =6-2787004 

96 =6-2820639 

192 =6-2829049 

384 =6-2831152 

No. of sid^ of polygon described Perimeter, 

about the same circle. 

6 =6-9282032 

12. . . . . =6-4307806 

24. . , . . =6-3193199 

48 =6-2921724 

96 =6-2854292 

192 =6-2837461 

384 =6-2833260 

Theseresults clearly show that as the number of sides of 
a corresponding pair of polygons is increased, their perimeters 
approach eadi other closer and closer. The perimeters of 
the 48-sided polygons differ only in the tenths, those of the 
96-sided in the himdredths, and those of the 384-sided in 
the thousandths. 

157. Archimedes^ who stopped with the 96-sided polygons, 
found that the circumference of the circle was larger than 
6f f and smaller than 6f ^ ; from this he derived the well- 
known ratio 7 : 22 — that is, if the diameter of a circle be 
divided into 7 equal parts, its circumference will contain 22 
of those parts, nearly. This is the ratio of the diameter of 
a circle to its circumference. It can never be expressed in 
finite numbers. Other ratios have been calculated by 
mathematicians. A. Metius, a Dutch mathematician, foimd 
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a nearer ratio, namely 113 : 855. This is easily remembered 
by writing down the first three odd numbers in pairs, and 
then halving them ; thus, 113|355. Ludolf van Keule,^ 
another Dutch mathematician, calculated the ratio to 36 
figures. He found that if the diameter be equal to unity, 
then the circumference is 

3-14159,26535,89793,23846,26433,83279,50288. 

In practice, however, we only use the first six figures of 
this expression. Thus, assuming the diameter of a circle = 1 , 
its circumference=3'14159. This latter number is commonly 
denoted by the Greek letter ^. 

158. If the number of sides of a polygon be very great, it 
will be readily conceded that the perimeter of the polygon and 
the circumference of the circle in which it is inscribed are 
practically the same ; in fact, the one merges into the other, 
and the apotome of the polygon becomes equal to the radius 
of the circle. Thus we obtain the following expression for 
finding the area of a circle- 
Area of polygon=perimeter x ^ apotome. 

Area of circle=circumference x ^ radius. 

If we denote the radius of a circle by r, then the dia- 
meter =r 2 r, and the circumference=2 9rr. Thus the area 
of the circle=7r r^sshalf the circumference multiplied by the 
radius. 

If d denote the diameter, then the radius=^e^, the 
circumference =7 d, and area=:^ ir d^. 

If the area of a given circle=l, then 

the radius= ^ /^ 
diameter=2^ / - 

circumferences 2ir^/--=:2/s/ir 

159. Lastly, let g denote the number of degrees measured 
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hy an arc of a circle, I the length of that arc, and c the 

circumference of the circle, then we have the following 

proportion : 

g : 360o::?: c 

but we have found that c=2 w r (158), 

or ^r : 360o=Z : 2 TT r 

g : =1 : r 

Hence we. can find the length of an arc of a circle, if the 
radius and number of degrees in that arc are known. 

160. "We can also find the ai-ea of the sector of a circle. 
In fig. 153 the sector aob is contained as many times in 
the whole circle as the arc ab is contained in the whole 
circumference. Thus we have 

= or sector AOB : 'jrr^=g : 360® 



sector AOB g 



or sector A o b ; tt r2=l?2!^^ : 360o 



Trr 



Ir 
sector A o b= —=l xir 

that .is, the area of the sector a o b is equal to the length of 
the arc multiplied by half the radius. From this we find 
that 

area of segment a B=area segment aob— A a o b. 
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